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summary

e Formulation of quantum tunneling

Ours is inspired by the Lefschetz-thimble method.

(cf. the Dykhne-Davis-Pechukas (DDP) method)

o Application to the Schwinger mechanism

The Schwinger mechanism can be regarded as tunneling.




Schwinger Mechanism

In an external field (anti)partic

e pair production makes

the perturbative vacuum unsta

e Nonperturbative effect in quantum electrodynamics

am?
The decay width is given by I' ~exp| — = |
e

* Tunneling from antiparticle states to particle states

We consider an electric field along the Z direction.

E=(0,0,E)

Energles are tilted by V(z) = - E z.
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states
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Schwinger Mechanism as Tunneling

Hamiltonian describing Schwinger mechanism is given by

g mi=m2+k3+ky2,

H = ( e — als) e ) where <
m, —k, + eA(1)

_E,=—0,A(1).

Nonadiabatic energies are defined by H(O)y(t) = E(w(t) (i==x).

AEnergy For A(r) = — Et,H 1s called the Landau-Zener model.

\_/E ) The transition probability is analytically calculable
T with an initial condition, y,(—o0)=0.

oE=E, —E_#0

9) ﬂmi
m—(t) Pk) = |y, (o0)|"=exp| — —

> [

This is the Landau-Zener formula.



Analytic Continuation

For teR,0E(t) = E.(t) —E_(1) #0.

However, there can exist closing points ¢, € C such that 6E(z.) = 0.

For example, when A(f) = — Et,5E(f) = 2\/ (k, + eEt)2 +m? .

kz Iy
SE(t)=0=>1 =——+j—
ek ek
’ tc \
The DDP formula makes use of . et \
such that Im¢, > 0. Imt_—"" |




DDP Approximation Formula

rl

Pppp = €xp | —2Im 5E(t)dt] = exp [—ZImA(tC)]

70

Although it is approximation scheme,
it surprisingly gives the analytical result for LZ model.

am?
P(k) = exp s = Pppp

- When A1) = — Er, 6E(1) = 2\/(k + eEt)2 +m?andt, = — & 4L
’ < 1 C cE oF
‘ 2 5 mm?
Then, — 2ImA(t,) = — 4Im dt\/ (k,+ eEt)” +m} = —

0 eE —



“Derivation” of DDP Formula

1. We expand the solution of id = Hy as y = Z aye Hi

=%

2
The square of a transition amplitude a, (oo) gives the probability , P = ‘ a,(oco) ‘ :

2. We derive coupled equation for a,(7) and solve them using first order truncation .

00 E. (1)
a,(co) = J drexp |1A(?) + Inn(t)| where n(r) = w0y, (D) . \fﬁy e
- /7~ \E (@
3. We change the original integration contour in order to
pick up contribution fromZ. - ol
a,(oco) =~ eXp[iA(tC)]{ = P = exp[—ZImA(Zc)]} /\/\
............................................. >
Ret

Contour transformation reminds us the Lefschetz-thimble method.



l.efschetz-Thimble Method

We employ the semiclassical approximation for Z = sz exp [—S(z)] .

0S

— =0 thimbles
0z

1. We find all saddle points,z,;.

{=Z;

2. We draw (dual) thimbles defined by the flow equation.

i 55 Good properties of the flow

—=*x— with z(r =0) =z d d

dt 0z ’ d—Im S[z(t)] =0 ,d—Re S[z(7)] 2 0(L0)
T T

3. The thimbles contributing to Z are determined by the intersection #.

= Their dual thimbles intersect the original integration contour.



Examples of Letschetz Thimbles

Z(h) = sz exp[—S(z)/ ] where S(z) = 2212+ 744, = Z; =0, %1

We complexity 72 and focus on the blue line.

argh > 0

The Stokes phenomenon occurs at arg 2=0.



Lefschetz-Thimble Inspired Method

We apply the Lefschetz-thimble method to

o)

a,(oo) =~ ro dt exp [iA(t) + In n(t)] = J dtexp[—S(1)].

We use the Gaussian approximation to get

L.i : i-th saddle point
LT, \ — i0—S(t,.) 2m o .
a; (o0) = Z ne - - - n; :1-th intersection #
| \) (ts,i) |

l

0; : angle of i-th thimble

ct. w/o Inn(r),a,(c0) reproduces DDP formula.

dA

—| =0E)=0= a’"(c0) = exp [iA(1,)]

t=t,
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Modified Landau-Zener Model

We consider the following model.

A t/t 1 TA [ +712
H(t) = : -
g 274/1 +(t/T)2( 1 —t/7 ] ok =25 \/t2 +T2°

e [t reduces to the Landau-Zener model in the limit of 7 — 0.

* There exist not only ¢, = iz but toote = iT .
When 7 < T, DDP works. .~ Whent > T, DDP fails to work.
X ole r O tc -
t.=1T O %
/\/\ Loole = 1T
............................................. . R
Ret Ret?
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Thimble Structure
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Dots < Filled: saddle points Lines < Dashed: dual thimbles :
, , only contribute.
_ Open: closing points _ Dotted: DDP contour
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Comparison of Two Methods

log,o[P(z, T =3 -7, A = 10)]

e 7 = l.51saboundary for DDP.

e Fake peak occurs due to Gaussian approximation.
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Schwinger Mechanism Revisited

The Hamiltonian describing Schwinger mech.

( kz — eA(t) m, \ When A(t) = — Et,
\ m, —k, + eA(1) ) it reduces the Landau-Zener model.

H =

We consider a Sauter-type field and define the Keldysh parameter.

E _ E _ _ mw
E, = > => A(f) = ——tanhwt| ,y=—.
cosh-wt | 0 | e

T

> and a pole e = i%-

. . . 1 —1 ykz Ly
There exist a closing point 7. = P tanh™" | — + i

m m
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Sauter-Type Field

We define A by P(k) = exp (—Am?*/¢E) . _ no

e For small 7, DDP works very well. 2

0
Tmy 1 1 m
Appp = ( + ) <

2m \ m+yk, m—yk,

e For large ¥, DDP fails.

For simplicity, we set k = 0.

Th Lianly, 1 —
en, t(.=i1—tan "y, =1—.
c - /4 pole 20

1ot - - T i

When y — oo, 1, gets closer to .



Dynamically Assisted Schwinger Mech.

We consider superposition of const. + Sauter-type field.

E

V4

cosh?zwt | 0,

Am?
The worldline instanton gives the decay width as 1" ~ exp (— ) :

i . i
E =FE+ = A(t) = — Et — — tanh wt

(E > ¢)

ek

3_

e m > w,m*> eFE are assumed .

<

* Poles of tanh(wt?) play pivotal roles.

/

y = n/2
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Dynamically Assisted Schwinger Mech.

I I I I ]

m=3,eE=3,FE=10¢ ]
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e DDP works well for small ¥ .
e DDP asymptotically approaches to Worldline.
e Our method always gives reasonable answer.
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Summary & Prospect

l Formulation of quantum tunneling

| §7(z;,) |

l

. 2
atT(c0) = ) nl.el@—sﬁs,i)\/ - cf . a?PP(c0) = exp [iA(1,)]

I Application to the Schwinger mechanism

E.(?)
e We dealt with it as two-level systems. NS
e We apply our method comparing with DDP. YN ”

? Stokes phenomenon in tunneling effects
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