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/ 202KPZ equation

describes growth of  d-dimensional surface

•       : constant force  (removed by                         )

•       : diffusion

•       : white Gaussian noise with zero mean

•       : nonlinearity 
           from geometric effect

Takeuchi, Physica A (2018)

<latexit sha1_base64="gbgCuwaAJyv8v8wqcyy1eCnZsII=">AAAChnicbZFNS8NAEIa38at+Wz16EXsRLCWRiheRogc9VrBacIvMJmMM7m7C7qYqS/6EV/1j/hu3sSJpncu+vPPMDLPDMp5o4/tfNW9ufmFxqb68srq2vrG51di+1WmuQuyHKU/VgIFGnkjsm8RwHGQKQTCOd+z5Ypy/G6HSSSpvzFuGQwGxTB6TEIyzBpQJS2VePGw1/bZfxt6sCCaiSSbRe2jUnmiUhrlAaUIOWluFI4OvnWKF5hozCJ8hRgtCCzBPLffqN8FaTFTy905KEKhb0SjJdCmHttzKcRJfwlQIkJGlCqPiPhhaS90QUxJ27NlmUBRTbKwQ5Qx9Wbr/8YznOIOX5i+t8I+nriIDZRLglT5uLIybjT8UGIfqFHpoaQRxjNXF6KmlHGTMcXrKmdv5J+FuE0xfYlbcHrWD47Z/3Wl2zydXqpNdsk8OSEBOSJdckR7pk5Bw8k4+yKdX99resXfyg3q1Sc0OqYTX/Qai/syc</latexit>⌫
<latexit sha1_base64="9rcH8VHgNPVr9aKtscan4avXUPU=">AAACh3icbZHJTsMwEIbdsO8tHLkgekGiKgliOyDEcoAjSJRFuELjZEgjbCey3QKy8hRc4cF4G9xQhNIyF//655sZjYdlPNHG978q3tj4xOTU9Mzs3PzC4lK1tnyj064KsRWmPFV3DDTyRGLLJIbjXaYQBON4y57P+vnbHiqdpPLavGXYFhDL5CkJwTjrnjJhKRrIH6t1v+kXsTYqgoGok0FcPtYqHRqlYVegNCEHra3CnsHXnXyWdjVmED5DjBaEFmA6DffqN8EaTJTyD05KEKgbUS/JdCHbtljLcRJfwlQIkJGlCqP8IWhbS90QUxC279l6kOdDbKwQ5Qh9Xrj/8Yx3cQQvzF9a4R9PXUUGyiTAS33cWOg3cz8qgXEoT6GblkYQx1hejB5aykHGHIenHLmdfxLuNsHwJUbFzXYz2G36Vzv149PBlabJKlknGyQg++SYXJBL0iIhEeSdfJBPb8bb8va8gx/UqwxqVkgpvJNvguzM/Q==</latexit>⌘

<latexit sha1_base64="C2KmCW9LM8kmjavV+S6YjC8UYjY=">AAACinicbZFNSwMxEIbT9bvW76MXsRfBUnZFEVFEVNCjgq1CU2SyO65Lk+ySpFUJ+ze86t/y35iuFdnWueTlnWdmmAzLeKKN739VvKnpmdm5+YXqYm1peWV1bb2t074KsRWmPFUPDDTyRGLLJIbjQ6YQBON4z3oXw/z9AJVOUnln3jLsCohl8pSEYJxFKROWcodHkD+u1v2mX8TWpAhGok5GcfO4VnmmURr2BUoTctDaKhwYfN3Pq7SvMYOwBzFaEFqAeW64V78J1mCilO84KUGgbkSDJNOF7NpiM8dJfAlTIUBGliqM8k7QtZa6IaYg7NCz9SDPx9hYIcoJ+qpw/+MZ7+MEXpi/tMI/nrqKDJRJgJf6uLEwbOY+VQLjUJ5Cdy2NII6xvBg9GZ5AxhzHp5y6nX8S7jbB+CUmRXuvGRw0/dv9+tn56ErzZJNskx0SkENyRq7JDWmRkGTknXyQT6/m7XlH3vEP6lVGNRukFN7lN2zbzkI=</latexit>

�

Kardar, Parisi & Zhang, PRL (1986)

<latexit sha1_base64="0Ry1NFhxJciZNAR4utUG22aWq8w="></latexit>

h⌘(t,~r)⌘(t0,~r0)i = D�(t� t0)�(~r � ~r0)

<latexit sha1_base64="2cu8fAHG2Ss0Ao75nEk727egeYU="></latexit>

h(t,~r)

<latexit sha1_base64="HbhA+Glq9ssMBCSSMOEeIQyVdWA="></latexit>

@h

@t
= v + ⌫r2h+

�

2
(rh)2 + ⌘

<latexit sha1_base64="EJIBvL1DHjzYGQC8qIxwijoQSOg="></latexit>

h ! h+ vt
<latexit sha1_base64="TD+t+h8CBndYT/zcUibVJ9KGlpc=">AAAChHicbZFNSwMxEIbT9bt+69GL2ItgKbva4kVE9KBHBdsKpshkd1zXJtklSasS9j941X/mvzFdK7Ktc8nLO0/mZRiW8UQb3/+qeDOzc/MLi0vV5ZXVtfWNza2OTgcqxHaY8lTdMdDIE4ltkxiOd5lCEIxjl/UvRv3uEJVOUnlr3jLsCYhl8piEYJzVoUzYYf6wUfMbflG70yIYixoZ1/XDZuWJRmk4EChNyEFrq3Bo8LWZV+lAYwZhH2K0ILQA81R3r34TrM5EqX/vpASBuh4Nk0wXsmeLnRwn8SVMhQAZWaowyu+DnrXUhZiCsCPP1oI8n2BjhSin6MvC/Y9nfIBTeGH+0gr/eOp+ZKBMArw0x8XCaJiwVALjUE6hB5ZGEMdYXoyeWMpBxhwnU07dzj8Nd5tg8hLTonPYCFoN/6ZZOzsfX2mR7JA9sk8CckzOyBW5Jm0SkmfyTj7Ipzfv1b0jr/WDepXxn21SKu/0G6tmy78=</latexit>v
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Surface is rough for               and smooth for 

3KPZ equation

Roughness of  surface is described by
<latexit sha1_base64="4rjRUj1t0WEamhXytk2XENY1pRw="></latexit>

h[h(t,~r)� h(0,~0)]2i ⇠ r2� F

✓
t

rz

◆

•       : roughness exponent
<latexit sha1_base64="HFeqwOeBxfpMohFn7Z46QnMtqP4="></latexit>

� > 0
<latexit sha1_base64="MN8Nu79BW0vxtnyX/dRkap4U+bQ="></latexit>

� < 0

<latexit sha1_base64="yHGSa62qi4aDYWWMCuM2nlzZms0="></latexit>�

Exact values in 1D are

•       : dynamical exponent<latexit sha1_base64="gL1XAEvnnorT4Lq4jp0B5dBXOmA=">AAAChHicbZHLTsMwEEXd8H4XWLJBdINEVSVAxQYhBAtYgkQfEq7QOBlCwHYi2y0PK//AFv6Mv8ENRSgts/HVneO5Gg3LeKKN739VvKnpmdm5+YXFpeWV1bXq+kZbp30VYitMeaq6DDTyRGLLJIZjN1MIgnHssKfzYb8zQKWTVN6Y1wx7AmKZ3CchGGe1KRP2Lb+r1vyGX9T2pAhGokZGdXW3XnmgURr2BUoTctDaKhwYfDnMF2lfYwbhE8RoQWgB5qHuXv0qWJ2JUv/WSQkCdT0aJJkuZM8WOzlO4nOYCgEyslRhlN8GPWupCzEFYYeerQV5PsbGClFO0BeF+x/PeB8n8ML8pRX+8dT9yECZBHhpjouF4TBhqQTGoZxC9yyNII6xvBg9tpSDjDmOp5y4nX8a7jbB+CUmRXu/ETQb/vVh7fRsdKV5skV2yC4JyBE5JZfkirRISB7JO/kgn96sV/cOvOYP6lVGfzZJqbyTb7PWy8M=</latexit>z

Kardar, Parisi & Zhang, PRL (1986)

Huge development in theory, exp. & math in 1D
Sasamoto & Spohn (2010);  Takeuchi & Sano (2010);  Hairer (2013);  …

<latexit sha1_base64="f46W+H1Pw5LWGFNlBjoEsxsdzq8="></latexit>

� = 1/2 & z = 3/2

<latexit sha1_base64="xrvjQAWk+fCIX/5sYPjD2W8ZY3o="></latexit>

@h

@t
= ⌫r2h+

�

2
(rh)2 + ⌘
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•  For d > 2,       is irrelevant

•  For d < 2,       is relevant

4KPZ in higer dimensions

<latexit sha1_base64="C2KmCW9LM8kmjavV+S6YjC8UYjY=">AAACinicbZFNSwMxEIbT9bvW76MXsRfBUnZFEVFEVNCjgq1CU2SyO65Lk+ySpFUJ+ze86t/y35iuFdnWueTlnWdmmAzLeKKN739VvKnpmdm5+YXqYm1peWV1bb2t074KsRWmPFUPDDTyRGLLJIbjQ6YQBON4z3oXw/z9AJVOUnln3jLsCohl8pSEYJxFKROWcodHkD+u1v2mX8TWpAhGok5GcfO4VnmmURr2BUoTctDaKhwYfN3Pq7SvMYOwBzFaEFqAeW64V78J1mCilO84KUGgbkSDJNOF7NpiM8dJfAlTIUBGliqM8k7QtZa6IaYg7NCz9SDPx9hYIcoJ+qpw/+MZ7+MEXpi/tMI/nrqKDJRJgJf6uLEwbOY+VQLjUJ5Cdy2NII6xvBg9GZ5AxhzHp5y6nX8S7jbB+CUmRXuvGRw0/dv9+tn56ErzZJNskx0SkENyRq7JDWmRkGTknXyQT6/m7XlH3vEP6lVGNRukFN7lN2zbzkI=</latexit>

� surface is rough

surface is smooth
<latexit sha1_base64="C2KmCW9LM8kmjavV+S6YjC8UYjY=">AAACinicbZFNSwMxEIbT9bvW76MXsRfBUnZFEVFEVNCjgq1CU2SyO65Lk+ySpFUJ+ze86t/y35iuFdnWueTlnWdmmAzLeKKN739VvKnpmdm5+YXqYm1peWV1bb2t074KsRWmPFUPDDTyRGLLJIbjQ6YQBON4z3oXw/z9AJVOUnln3jLsCohl8pSEYJxFKROWcodHkD+u1v2mX8TWpAhGok5GcfO4VnmmURr2BUoTctDaKhwYfN3Pq7SvMYOwBzFaEFqAeW64V78J1mCilO84KUGgbkSDJNOF7NpiM8dJfAlTIUBGliqM8k7QtZa6IaYg7NCz9SDPx9hYIcoJ+qpw/+MZ7+MEXpi/tMI/nrqKDJRJgJf6uLEwbOY+VQLjUJ5Cdy2NII6xvBg9GZ5AxhzHp5y6nX8S7jbB+CUmRXuvGRw0/dv9+tn56ErzZJNskx0SkENyRq7JDWmRkGTknXyQT6/m7XlH3vEP6lVGNRukFN7lN2zbzkI=</latexit>

�

1 2 3 4

<latexit sha1_base64="lZWPbe5lLtkUWSSTujeDI2xQgcE=">AAAChHicbZFNSwMxEIbT9bt+69GL2ItgKbva4kVE9KBHBdsKpshkd1zXJtklSasS9j941X/mvzFdK7Ktc8nLO0/mZRiW8UQb3/+qeDOzc/MLi0vV5ZXVtfWNza2OTgcqxHaY8lTdMdDIE4ltkxiOd5lCEIxjl/UvRv3uEJVOUnlr3jLsCYhl8piEYJzVoUzYKH/YqPkNv6jdaRGMRY2M6/phs/JEozQcCJQm5KC1VTg0+NrMq3SgMYOwDzFaEFqAeaq7V78JVmei1L93UoJAXY+GSaYL2bPFTo6T+BKmQoCMLFUY5fdBz1rqQkxB2JFna0GeT7CxQpRT9GXh/sczPsApvDB/aYV/PHU/MlAmAV6a42JhNExYKoFxKKfQA0sjiGMsL0ZPLOUgY46TKadu55+Gu00weYlp0TlsBK2Gf9OsnZ2Pr7RIdsge2ScBOSZn5IpckzYJyTN5Jx/k05v36t6R1/pBvcr4zzYplXf6DYVuy60=</latexit>

d

<latexit sha1_base64="HFeqwOeBxfpMohFn7Z46QnMtqP4="></latexit>

� > 0

Tang, 
Nattermann 
& Forrest 
PRL (1990)

<latexit sha1_base64="m+oIY8ZSQMpxONkDqyvDCyHBBic="></latexit>

D�2

<latexit sha1_base64="RNk5lTzD3heiCUaHUtgfk7i2+Uo="></latexit>

� = 1� d/2 < 0

<latexit sha1_base64="xrvjQAWk+fCIX/5sYPjD2W8ZY3o="></latexit>

@h

@t
= ⌫r2h+

�

2
(rh)2 + ⌘
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With increasing      , there is a phase transition from 
smooth to rough phases, at which 

•  For d > 2,       is irrelevant

•  For d < 2,       is relevant

5KPZ in higer dimensions

<latexit sha1_base64="C2KmCW9LM8kmjavV+S6YjC8UYjY=">AAACinicbZFNSwMxEIbT9bvW76MXsRfBUnZFEVFEVNCjgq1CU2SyO65Lk+ySpFUJ+ze86t/y35iuFdnWueTlnWdmmAzLeKKN739VvKnpmdm5+YXqYm1peWV1bb2t074KsRWmPFUPDDTyRGLLJIbjQ6YQBON4z3oXw/z9AJVOUnln3jLsCohl8pSEYJxFKROWcodHkD+u1v2mX8TWpAhGok5GcfO4VnmmURr2BUoTctDaKhwYfN3Pq7SvMYOwBzFaEFqAeW64V78J1mCilO84KUGgbkSDJNOF7NpiM8dJfAlTIUBGliqM8k7QtZa6IaYg7NCz9SDPx9hYIcoJ+qpw/+MZ7+MEXpi/tMI/nrqKDJRJgJf6uLEwbOY+VQLjUJ5Cdy2NII6xvBg9GZ5AxhzHp5y6nX8S7jbB+CUmRXuvGRw0/dv9+tn56ErzZJNskx0SkENyRq7JDWmRkGTknXyQT6/m7XlH3vEP6lVGNRukFN7lN2zbzkI=</latexit>

� surface is rough

surface is smooth
<latexit sha1_base64="C2KmCW9LM8kmjavV+S6YjC8UYjY=">AAACinicbZFNSwMxEIbT9bvW76MXsRfBUnZFEVFEVNCjgq1CU2SyO65Lk+ySpFUJ+ze86t/y35iuFdnWueTlnWdmmAzLeKKN739VvKnpmdm5+YXqYm1peWV1bb2t074KsRWmPFUPDDTyRGLLJIbjQ6YQBON4z3oXw/z9AJVOUnln3jLsCohl8pSEYJxFKROWcodHkD+u1v2mX8TWpAhGok5GcfO4VnmmURr2BUoTctDaKhwYfN3Pq7SvMYOwBzFaEFqAeW64V78J1mCilO84KUGgbkSDJNOF7NpiM8dJfAlTIUBGliqM8k7QtZa6IaYg7NCz9SDPx9hYIcoJ+qpw/+MZ7+MEXpi/tMI/nrqKDJRJgJf6uLEwbOY+VQLjUJ5Cdy2NII6xvBg9GZ5AxhzHp5y6nX8S7jbB+CUmRXuvGRw0/dv9+tn56ErzZJNskx0SkENyRq7JDWmRkGTknXyQT6/m7XlH3vEP6lVGNRukFN7lN2zbzkI=</latexit>

�
<latexit sha1_base64="C2KmCW9LM8kmjavV+S6YjC8UYjY=">AAACinicbZFNSwMxEIbT9bvW76MXsRfBUnZFEVFEVNCjgq1CU2SyO65Lk+ySpFUJ+ze86t/y35iuFdnWueTlnWdmmAzLeKKN739VvKnpmdm5+YXqYm1peWV1bb2t074KsRWmPFUPDDTyRGLLJIbjQ6YQBON4z3oXw/z9AJVOUnln3jLsCohl8pSEYJxFKROWcodHkD+u1v2mX8TWpAhGok5GcfO4VnmmURr2BUoTctDaKhwYfN3Pq7SvMYOwBzFaEFqAeW64V78J1mCilO84KUGgbkSDJNOF7NpiM8dJfAlTIUBGliqM8k7QtZa6IaYg7NCz9SDPx9hYIcoJ+qpw/+MZ7+MEXpi/tMI/nrqKDJRJgJf6uLEwbOY+VQLjUJ5Cdy2NII6xvBg9GZ5AxhzHp5y6nX8S7jbB+CUmRXuvGRw0/dv9+tn56ErzZJNskx0SkENyRq7JDWmRkGTknXyQT6/m7XlH3vEP6lVGNRukFN7lN2zbzkI=</latexit>

�

Roughening transition

1 2 3 4

<latexit sha1_base64="lZWPbe5lLtkUWSSTujeDI2xQgcE=">AAAChHicbZFNSwMxEIbT9bt+69GL2ItgKbva4kVE9KBHBdsKpshkd1zXJtklSasS9j941X/mvzFdK7Ktc8nLO0/mZRiW8UQb3/+qeDOzc/MLi0vV5ZXVtfWNza2OTgcqxHaY8lTdMdDIE4ltkxiOd5lCEIxjl/UvRv3uEJVOUnlr3jLsCYhl8piEYJzVoUzYKH/YqPkNv6jdaRGMRY2M6/phs/JEozQcCJQm5KC1VTg0+NrMq3SgMYOwDzFaEFqAeaq7V78JVmei1L93UoJAXY+GSaYL2bPFTo6T+BKmQoCMLFUY5fdBz1rqQkxB2JFna0GeT7CxQpRT9GXh/sczPsApvDB/aYV/PHU/MlAmAV6a42JhNExYKoFxKKfQA0sjiGMsL0ZPLOUgY46TKadu55+Gu00weYlp0TlsBK2Gf9OsnZ2Pr7RIdsge2ScBOSZn5IpckzYJyTN5Jx/k05v36t6R1/pBvcr4zzYplXf6DYVuy60=</latexit>

d

<latexit sha1_base64="HFeqwOeBxfpMohFn7Z46QnMtqP4="></latexit>

� > 0

<latexit sha1_base64="m+oIY8ZSQMpxONkDqyvDCyHBBic="></latexit>

D�2

Tang, 
Nattermann 
& Forrest 
PRL (1990)

<latexit sha1_base64="QS3mHRK04b8WAuupfaP1Gz7bQzw="></latexit>

� = 0 & z = 2

Non-relativistic 
CFT ?

<latexit sha1_base64="RNk5lTzD3heiCUaHUtgfk7i2+Uo="></latexit>

� = 1� d/2 < 0

<latexit sha1_base64="xrvjQAWk+fCIX/5sYPjD2W8ZY3o="></latexit>

@h

@t
= ⌫r2h+

�

2
(rh)2 + ⌘



/ 206Plan of  this talk

KPZ equation

attractive bosons Efimov effect

Ref:  Y. Nanakaya & Y. Nishida,  arXiv:2010.15161 

“Efimov effect at the Kardar-Parisi-Zhang roughening transition”

(2) 
RG analysis

(1) 
mapping

(3) 
implication
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Ref:  Y. Nanakaya & Y. Nishida,  arXiv:2010.15161 

“Efimov effect at the Kardar-Parisi-Zhang roughening transition”

(2) 
RG analysis

(1) 
mapping

(3) 
implication



/ 208Field theoretical formation

Solve KPZ eq for a given 
<latexit sha1_base64="9rcH8VHgNPVr9aKtscan4avXUPU=">AAACh3icbZHJTsMwEIbdsO8tHLkgekGiKgliOyDEcoAjSJRFuELjZEgjbCey3QKy8hRc4cF4G9xQhNIyF//655sZjYdlPNHG978q3tj4xOTU9Mzs3PzC4lK1tnyj064KsRWmPFV3DDTyRGLLJIbjXaYQBON4y57P+vnbHiqdpPLavGXYFhDL5CkJwTjrnjJhKRrIH6t1v+kXsTYqgoGok0FcPtYqHRqlYVegNCEHra3CnsHXnXyWdjVmED5DjBaEFmA6DffqN8EaTJTyD05KEKgbUS/JdCHbtljLcRJfwlQIkJGlCqP8IWhbS90QUxC279l6kOdDbKwQ5Qh9Xrj/8Yx3cQQvzF9a4R9PXUUGyiTAS33cWOg3cz8qgXEoT6GblkYQx1hejB5aykHGHIenHLmdfxLuNsHwJUbFzXYz2G36Vzv149PBlabJKlknGyQg++SYXJBL0iIhEeSdfJBPb8bb8va8gx/UqwxqVkgpvJNvguzM/Q==</latexit>⌘

Ensemble average

Gaussian integration over

with “action”

<latexit sha1_base64="9rcH8VHgNPVr9aKtscan4avXUPU=">AAACh3icbZHJTsMwEIbdsO8tHLkgekGiKgliOyDEcoAjSJRFuELjZEgjbCey3QKy8hRc4cF4G9xQhNIyF//655sZjYdlPNHG978q3tj4xOTU9Mzs3PzC4lK1tnyj064KsRWmPFV3DDTyRGLLJIbjXaYQBON4y57P+vnbHiqdpPLavGXYFhDL5CkJwTjrnjJhKRrIH6t1v+kXsTYqgoGok0FcPtYqHRqlYVegNCEHra3CnsHXnXyWdjVmED5DjBaEFmA6DffqN8EaTJTyD05KEKgbUS/JdCHbtljLcRJfwlQIkJGlCqP8IWhbS90QUxC279l6kOdDbKwQ5Qh9Xrj/8Yx3cQQvzF9a4R9PXUUGyiTAS33cWOg3cz8qgXEoT6GblkYQx1hejB5aykHGHIenHLmdfxLuNsHwJUbFzXYz2G36Vzv149PBlabJKlknGyQg++SYXJBL0iIhEeSdfJBPb8bb8va8gx/UqwxqVkgpvJNvguzM/Q==</latexit>⌘

Martin, Siggia 
& Rose (1973) 

Janssen (1976) 

De Dominicis (1976)

<latexit sha1_base64="kO7v5eolYrXZ2eYuNx1qw2O7VBA="></latexit>

hO(h)i =

ZZZ
DhDh̄O(h) e�S

<latexit sha1_base64="Y/K2B4lBejz+D2dzCJHBRQr7eVw="></latexit>

=

ZZZ
DhDh̄O(h) exp


�

ZZZ

t,~r
ih̄


@h

@t
� · · ·� ⌘

��

<latexit sha1_base64="mHtUya4DuOuG/nGGGt6JlT8TZ6c=">AAACgnicbZFLSwMxFIXT8VXrs7p0I3YjWsqMD9wUEV3oUsFqoSnlJnOdDk0yQ5JWS+jPcKu/y3/jtFawU+8mh3O+cLhclorYWN//KngLi0vLK8XV0tr6xubWdnnnySR9zbHBE5HoJgODIlbYsLEV2Ew1gmQCn1nvZpw/D1CbOFGPdphiW0Kk4peYg82sFmXSdTsULYw62xW/5k9mf14EU1Eh07nvlAtAw4T3JSrLBRjTCvzUtp3GgcW3s1GJ9g2mwHsQoQNpJNhuNXvNULIqkzN5K5MKJJpqOIhTM5FtN1kv4xS+8kRKUCHVGLaCtqNZg53EWV04cpVgNMtFGlHlyNux9w/LRB9z6Nj6JTX+YUNHU9A2BpHvgywaIKcKmIDZ8NjREKIIc7vUHRWgIoH5kktH9U+QHSXIn2BePJ3UgvOa/3BWubqenqdI9sgBOSQBuSBX5I7ckwbhJCHv5IN8eovekRd4pz+oV5j+2SUz49W/Ab2VyVI=</latexit>

h⌘
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Cole-Hopf  transformation

Attractive bosons with a delta-potential !

•  Bethe ansatz in 1D allows exact analyses
Kardar (1987);  Calabrese, Le Doussal & Rosso (2010);  Dotsenko (2010);  …
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( attraction of  bosons ~ nonlinearity of  KPZ )
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•  Delta-potential for d ≥ 2 requires regularization 
    (e.g.  sharp momentum cutoff                  )
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/ 2010Plan of  this talk

KPZ equation

attractive bosons Efimov effect

Ref:  Y. Nanakaya & Y. Nishida,  arXiv:2010.15161 

“Efimov effect at the Kardar-Parisi-Zhang roughening transition”

(2) 
RG analysis

(1) 
mapping

(3) 
implication
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11RG of  2-boson coupling
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2-boson scattering amplitude  (                                 )
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ĝ2
�

⇤d�2

(d � 2)(4⇡)d/2�(d/2)

<latexit sha1_base64="FR4qQTagpf9AJJgpS2vxw8i0yl0="></latexit>✓
@

@⇤
+

@ĝ2

@⇤

@

@ĝ2
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With increasing       , there is a binding transition 
from unbound to bound bosons

12RG of  2-boson coupling

Beta function for 2 < d < 4 has two fixed points
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With increasing       , there is a binding transition 
from unbound to bound bosons

13RG of  2-boson coupling

Beta function for 2 < d < 4 has two fixed points
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However, for bosons at the critical point in 3D, 
3-boson coupling is relevant, leading to Efimov effect

This is the end of  story, 
if  all higher-order terms are irrelevant
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Attractive bosons 
•  unbound bosons 

binding transition 
•  bound bosons

KPZ equation 
•  smooth surface 

roughening transition 
•  rough surface

The critical point is described by non-relativistic CFT
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3-boson scattering amplitude  (                                        )
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•  For d < 2.30 & 3.76 < d,

IR fixed point exists and 
the critical point is still 
described by NRCFT

•  For 2.30 < d < 3.76,

Fixed points disappear 
and scale inv. is lost
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Discrete scale invariance
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For 3 bosons at the critical point in 3D,
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scale invariant under z = 2 is broken by running of  g3 
down to discrete scale invariance with

Efimov, PLB (1970);  NPA (1973)

This discrete scale invariance survives for 4 bosons, 
but unestablished for more bosons
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Deltuva (2010-2013)

•  If  all higher-order terms are irrelevant, 
DSI persists for any number of  bosons

•  If  some higher-order term is relevant, 
no scale invariance remains
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KPZ equation

attractive bosons Efimov effect

Ref:  Y. Nanakaya & Y. Nishida,  arXiv:2010.15161 

“Efimov effect at the Kardar-Parisi-Zhang roughening transition”

(2) 
RG analysis

(1) 
mapping

(3) 
implication
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with                                 is no longer expected

19Our prediction

Roughening transition governed by KPZ equation

Binding transition of  bosons Efimov effect

1 2 3 4
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but some unusual behavior is expected to emerge
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•  If  discrete scale invariance persists
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•  If  no scale invariance remains

Discontinuous (1st-order) transition

DSI under
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Our prediction is speculative, which should be 
proven/disproven by numerical simulations 
or more rigorous mathematical approaches

Efimov effect emerges at KPZ roughening transition !


