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What is energy or energy density in curved spacetime ?

Why do we care ?

arXiv:2004.03779,  S. Aoki, T. Onogi, S. Yokoyama 
“ What does a quantum black hole look like ?”

Motivation

CFT AdS

Flow equation

CFT@ finite T Black hole in AdS ?

massless free scalar @ finite T Black hole-like object + matter in AdS

energy distribution on 
curved spacetime ?
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O. Energy in general relativity



Einstein equation Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ = 8⇡GdTµ⌫

gravity matter

Tµ⌫(x) =
�Smatter

�gµ⌫(x)

(Conserved) energy in general relativity

conservation rµTµ⌫ = 0

Bianchi identity 

@µTµ⌫ 6= 0

Einstein’s pseudo-tensor@µ
hp

|g| (Tµ⌫ + tµ⌫)
i
= 0

rewrite

gravitational energy ?

tµ⌫ is not covariant under general coordinate transformation.

violate the fundamental principle of general relativity ! 

but what we need for a conservation is

works only for asymptotically flat ⇤ = 0, Tµ⌫ ! 0 (r ! 1)

in Cartesian coordinate (not in polar coordinate)
for two or more particles

This method



Quasi-local energy Arnowitt-Deser-Misner (ADM) energy
Komar energy, Bondi energy
Hamiltonian with Gibbons-Hawking term

E =

Z
dV (local energy) E =

Z

r!1
dS (quasi-local energy)

cf. Gauss’s law in electromagnetism  Q =

Z

V
dV J0 =

Z

@V
dSµF

0µ

ex. Komar energy

E(⇠) =
c

16⇡Gd

Z

⌃(x0)
d⌃0

p
�gr⌫r[0⇠⌫] =

c

16⇡Gd

Z

@⌃(x0)
d⌃0k

p
�gr[0⇠k]

Komar, PR127(1962) 1411

This is a Noether charge of the 2nd type for a coordinate transformation ⇠⌫ .

For ⇠µ = ��µ0 , E = � 2c

16⇡Gd

Z

⌃(x0)
d⌃0

p
�g R0

0

c: some constant

Killing vector

Quasi-local energy



Our aim

Part I. Conserved charges with symmetry (in the presence of Killing vector)

Generic conserved charge in GR. 

Part II. Conserved charges without symmetry

To give a precise and universal definition of energy by the volume integral 
of local energy if exists and extend it to more general cases.

Energy.

meaning ?

However quasi-local energy cannot tell a distribution of energy.
Local energy must exist since quasi-local energy is derived from it.

The covariant definition for local energy is a missing piece 
in general relativity. 

local energy (mass) is a source which generates gravitational fields.*



Part I.  
Conserved charges  

with symmetry

S. Aoki, T. Onogi and S. Yokoyama, 
“Conserved charge in general relativity”, 
 arXiv:2005.13233[gr-qc]



conserved charge 

L⇠gµ⌫ = rµ⇠⌫ +r⌫⇠µ = 0Killing vector 

rµ(T
µ
⌫⇠

⌫) = (rµT
µ
⌫)⇠

⌫ +
1

2
Tµ⌫(rµ⇠⌫ +r⌫⇠µ) = 0

Q(⇠) =

Z

⌃(x0)
d⌃0

p
�g T 0

⌫⇠
⌫

* 0 =

Z

M
ddx

p
|g|rµJ

µ =

Z

M
ddx @µ

⇣p
|g|Jµ

⌘
=

Z

@M
d⌃µ

p
|g| Jµ

Jµ := Tµ
⌫⇠

⌫

rµJ
µ =

1p
|g|

@µ
⇣p

|g|Jµ
⌘ Stokes’ theorem

@M = @Ms � ⌃t2  ⌃t1

scalar

M @Ms

⌃t2

⌃t1

assume

d⌃kJk = 0 on @Ms Q(⌃t2) = Q(⌃t1)

Symmetry 

covariantly conserved vector current 



ex. stationary space time
a metric gµ⌫ does not contain x0

Killing vector ⇠µ = ��µ0

conserved energy E = �
Z

⌃(x0)
d⌃0

p
�g T 0

0

Covariant and universal definition of total energy
works for an arbitrary asymptotic behavior in an any coordinate system.  

cf. Quasi-local energy

ADM mass

Komar mass

M. Shibata, “Numerical relativity” (100 Years of General Relativity-Vol. 1, World Scientific)

The ADM mass is not defined in a covariant way, 
For its definition to be valid, in addition to asymptotic flatness, the metric components have 
to approach those of the flat Minkowski metric sufficiently quickly    
A well-known example in which the ADM mass cannot be calculated is the metric of a four-
dimensional non-spinning black hole in Painleve-Gullstrand coordinate, 

this term does not denote the mass of the  black hole in general (e.g., in the presence of a 
tours surrounding the black hole).

works for dynamical as well as back ground metric.



Our definition has been known, but rarely used.

1. V. Fock, TheTheory of Space, Time and Gravitation (Pergamon Press, New York 1959)

The quantity I =

Z
Tµ0'µ

p
�g dx1dx2dx3 will be constant, · · · , if the vector

'µ satisfies the equation r⌫'µ +rµ'⌫ = 0.

2. A. Tautman, Kings Collage lecture notes on general relativity, mimeographed note 
(unpublished), May-June 1958; Gen. Res. Grav. 34 (2002), 721-762, cited Fock.

3. A. Tautman’s lecture notes was cited by Komar in  PRD127(1962)1411.

These were forgotten in major textbooks (e.g. Landau-Lifshitz) except a few.

4. R. Wald, General Relativity (The University of Chicago Press, Chicago, 1984), p.286, 
footnote 3.

a Killing vector field ⇠a is presented, · · · , ra(Tab⇠b) = (raTab)⇠b+Tabra⇠b = 0,
so

R
⌃ Tab⇠bna is conserved, i.e., independent of choice of Cauchy surface ⌃.

No applications. Let us consider some applications.

See also lecture notes by Blau; Shiromizu (Japanese); Sekiguchi (Japanese).

measure term is not specified, though.



1. Black holes 

S. Aoki, T. Onogi and S. Yokoyama, 
“Conserved charge in general relativity”, 
 arXiv:2005.13233[gr-qc]



1-1. (charged) Schwarzschild black hole
metric ds2 = �(1 + u)(dx0)2 � 2udx0dr + (1� u)dr2 + r2ḡijdx

idxj

(d-2)-sphere

Eddington-Finkelstein coordinate

u(r) = �rd�3
0

rd�3
+

Q2

r2(d�3)
� 2⇤r2

(d� 2)(d� 1)

Energy Momentum tensor

Q2 = 8⇡Gd
(d� 3)

(d� 2)
q2

T i
j =

�ij
16⇡Gd

@rr(rd�3�u)

rd�2

<latexit sha1_base64="hhBn/kP+5TA+9Y7qGtx+Lu0IQt4="></latexit>

�u(r) = �rd�3
0

rd�3
+

Q2

r2(d�3)

Energy of neutral black hole  (Q=0) Killing ⇠µ = ��µ0

<latexit sha1_base64="Cm8F5ghQpabsDirTivf2uIFR9i8=">AAADIXichVFbaxNBFD673mq8NOqL4MvQUEmgCWfTqqVQKIjYxyZt0kK3WfYyiUP35uwkJC77B/wDPvikIiL+Bd980TcRfCj+AvGxgi8+eLIJeKnas8yeb7453zdnZpzYF4lCPND0EydPnT4zc7Zw7vyFi7PFS5fbSdSXLm+5kR/JHcdOuC9C3lJC+XwnltwOHJ9vO/u3x+vbAy4TEYVbahTzvcDuhaIrXFsRZRVf32GrrGqKUF npsIMrZuBEw9SNwkTVsox5ndSrGtnQXGBmcl+qtNrLCG91MM0sZKtmV9puWvaq9QprW1Rbz7LUuGnGgt21vCz3xQ6lrhqRzpPmghnbUgnbtyQrMzn2X8yY6XFf2axflpXKX10l2eSlv9pbxRLWMA92FBhTUIJpbETFF2CCBxG40IcAOISgCPtgQ0LfLhiAEBO3BylxkpDI1zlkUCBtn6o4VdjE7tO/R7PdKRvSfOyZ5GqXdvFpSFIymMeP+BIP8S2+ws/4/Z9eae4x7mVE2ZloeWzNPry6+e1YVUBZwb2fqv/2rKALy3mvgnqPc2Z8CneiHzx4dLi50pxPr+NT/EL9P8EDfEMnCAdf3ecN3nwMBXoA48/rPgra9Zpxo4aNpdLa8vQpZuAazEGZ7vsWrME6bEALXG1OW9caWlN/pr/T3+sfJqW6NtVcgd9C//QDoivLtw==</latexit>

E = �
Z

x0:const.
dd�1x

p
�g T 0

0 =
(d� 2)Vd�2

16⇡Gd

Z 1

0
dr @r(r

d�3�u(r)) =
(d� 2)Vd�2r

d�3
0

16⇡Gd

This reproduces known results. For example

Vd�2 :=

Z
dd�2x

p
det ḡijvolume of (d-2)-sphere

E =
r0
2G4

= M at d = 4

<latexit sha1_base64="RSplZ1QmXSKZWPB1jZKA22gwwJI="></latexit>

T 0
0 =

(d� 2)

16⇡Gd

@r(r
d�3
0 �u)

rd�2
= T r

r



Remark
x0 = constant hypersurface is space-like even inside the horizon.

The BH energy is independent of the cosmological constant.

However the Killing vector becomes space-like inside the horizon.

EMT for black hole
<latexit sha1_base64="WX+hhqZYW8nubLSUyhRSRsrRqYU="></latexit>

T i
j = ��ij

rd�3
0

16⇡Gd

r�(1)(r)

rd�2

<latexit sha1_base64="ItMaUi/yYEiUQ43XdBRt5sXfOr0="></latexit>

T 0
0 = T r

r = � (d� 2)rd�3
0

16⇡Gd

�(r)

rd�2

See also Balasin-Nachbagauer, Class. Quant. Graf. 10(1993)2771.

Neutral black hole is NOT a vacuum solution to Einstein equation.

cf. Coulomb potential generated by a point charge is NOT a vacuum solution 
to Maxwell equation.

r2

✓
1

rd�3

◆
= 0 r 6= 0 r2

✓
1

rd�3

◆
/ �(r)

Kerr BH See Balasin-Nachbagauer, Class. Quant. Graf. 11(1994)1453.



cf. Komar energy

EKomar =
c

16⇡Gd

Z

r!1
dd�2x

p
�gr[0⇠r] = lim

r!1

cVd�2

16⇡Gd


(d� 3)rd�3

0 � 4⇤rd�1

(d� 2)(d� 1)

�

Komar energy for BH diverges for non-zero cosmological constant. 

EKomar =
c(d� 3)Vd�2r

d�3
0

16⇡Gd
at ⇤ = 0 E =

(d� 2)Vd�2r
d�3
0

16⇡Gd
our result

c =
d� 2

d� 3
Both agree except d=3.

Our definition of energy is much more robust and universal.



Energy of charged black hole 
<latexit sha1_base64="hhBn/kP+5TA+9Y7qGtx+Lu0IQt4="></latexit>
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EQ = � (d� 2)Vd�2

16⇡Gd

Z 1

0
dr @r(r

d�3�u)

<latexit sha1_base64="OnoaZf2JPpLnoX3QbHTO0ssm508="></latexit>

= E0 �
(d� 3)Vd�2

2

Z 1

0
dr @r

✓
q2

rd�3

◆
1

Energy of a charged black hole diverges at d > 3.

This corresponds to a divergent self-energy of a charged point particle 
in the flat limit.

cf. Komar energy
<latexit sha1_base64="C8RYaqbVCeq7haHnESrXLAIawbM="></latexit>
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p
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c

16⇡Gd

Z

@⌃(x0)
d⌃0k

p
�gr[0⇠k] = EKomar(q = 0)

Failure of Stokes’ theorem



1-2. BTZ black hole

d=3 AdS

3

which leads to a form proportional to a delta function:

T 0
0 =

d− 2

16πGNrd−2
∂r
(
rd−3F

)
= −ρ

δ(r)

rd−2
. (15)

We here insert the step function θ for the singular term in
(6), so that F (r) = δf(r)θ(r) and δ(r) = dθ(r)

dr . Thus the
matter energy momentum tensor Tµ

ν for the black hole
can be understood as a distribution. We can calculate E
as the volume integral, which also leads to (12), justifying
the use of the step function to handle the singularity at
r = 0.

3-2. Reissner-Nordström black hole

Below we present a more illuminative computation
of a mass of a charged black hole in general d dimen-
sions, whose metric is given in (5) by replacing f(r) with
fq(r) = f(r) + d−3

d−28πGNq2r−2(d−3), together with the

gauge potential Aµ = (− q
rd−3 + q

rd−3
+

)δ0µ, where q, r+ are

constants[17]. This configuration of gravitational and
gauge fields satisfies the equations of motion given by

Gµν + Λgµν = 8πGN (TG
µν + TA

µν), ∇µF
µ
ν = Jν , (16)

where Fµν := ∇µAν − ∇νAµ and TA
µν := Fµ

αFνα −
1
4gµνFαβFαβ . Here TG

µν and Jν explicitly represent
the singular contributions of the metric and the gauge
potential at r = 0, respectively. Explicitly (TG +
TA)00 is given in (15) by replacing F with Fq = F +
d−3
d−28πGNq2r−2(d−3).
Since this metric is also static, the energy defined by

(7) is conserved. However this charge diverges, due to
the contribution of the electromagnetic field. Physically,
this divergence can be interpreted as the self-energy for
the charged point particle. Indeed it remains even for the
flat space-time with M = 0 and Λ = 0. Classically, the
charged black hole has the infinite energy due to the infi-
nite electromagnetic energy. Thus the renormalization as
well as the quantization of the gauge field on the curved
space are needed to fix this problem, as was so on the
flat space.
Fortunately, since ∇µ(TG)µ0 = 0 (thus ∇µ(TA)µ0 =

0), we can define an energy from the covariantly con-
served TG alone without electromagnetic energy as

(TG)00 = − (d− 2)

16πGdrd−2
∂r
(
rd−3F (r)

)
, (17)

where F is given before. We thus obtain

EG =

∫
dd−2x⃗

∫
dr
√
|g|(TG)00ξ

0 = Vd−2ρ, (18)

which reproduces the result in the special case of [17].
This system allows another conserved quantity, thanks

to the invariance under the U(1) gauge transformation by
δAµ = ∂µθ, which leads to

∂µj
µ = 0, jµ = ∇ν

(√
|g|Fµν

)
(19)

without using the Maxwell equation. According to
our prescription, Qc =

∫
dd−2x

∫
dr
√
|g|J0 with J0 =

j0/
√
|g| gives the conserved electric charge, which is eval-

uated asQc = Vd−2(d−3)q. At d = 4 for k > 0, Qc = 4πq.

3-3. BTZ black hole

As a final example, we compute a charge different from
a mass. To this end we consider a BTZ black hole and
compute its angular momentum [18]. The metric

ds2 = −f(r)dt2 +
1

f(r)
dr2 + r2(dφ− ω(r)dt)2, (20)

where

f(r) =
r2

L2
− 2GNMθ(r) +

G2
NJ2

4r2
, ω(r) =

GNJ

2r2
, (21)

with M,J are constants, satisfies the Einstein equation
in three dimensions. We insert the step function to the
constant part to emphasize that this solution is valid ex-
cept the origin.

This BTZ black hole has not only a Killing vector with
respect to the time translation but also the one which
rotates the system, ξµ = δµφ . As in the previous cases
the first one defines the mass, which can be similarly
computed as E = M

4 . On the other hand, the second
Killing vector define an angular momentum:

Pφ =

∫
d2x
√
|g|T 0

φ. (22)

T 0
φ is computed from the Einstein tensor as T 0

φ =
− 1

16πGNr∂r
(
r3ω′(r)

)
. Thus we find Pφ = J

8 , which re-
produces the known result [18].

4. MASS OF A COMPACT STAR

Our formula for the conserved charge leads to non-
trivial corrections to a mass of a compact star.

4-1. Oppenheimer-Volkoff equation

Let us consider the energy momentum tensor for the
fluid, given by

T 0
0 = −ρ(r), T r

r = P (r), T i
j = δijP (r), (23)

where ρ(r) is the energy density and P (r) is the pres-
sure. The Oppenheimer-Volkoff equation[19, 20] for the
metric eq. (5) with 1/f(r) in the second term replaced
by another function h(r) becomes

−dP (r)

dr
=

GNρ(r)M(r)

rd−2

(
1 +

P (r)

ρ(r)

)
h(r)

×
{
d− 3 +

rd−1

(d− 2)M(r)

(
8πP (r)− 2Λ

(d− 1)GN

)}
,(24)

Killing vectors ⇠µT := ��µ0 , ⇠S := �µ�

EMT

Energy

Angular momentum

Bandaos-Teitelboim-Zanelli, PRL69(1992)1849.

<latexit sha1_base64="ozPHbuzKa0aoClbMdbxpSsT8efU="></latexit>

f(r) =
r2

L2
�m✓(r) +

J2

4r2
, !(r) =

J

2r2
<latexit sha1_base64="FEQIGabjGC2w8R+qMS87uJcVLr0="></latexit>

L: AdS radius

<latexit sha1_base64="QdWa7RqWcgtRF9TuAM3Bihp28Lw="></latexit>

T 0
⌫ = � �(r)

16⇡G3r

�
�m�0⌫ + J��⌫

�

<latexit sha1_base64="+43PxW8Jz83gd9zvteEdM4EY+Zk="></latexit>

P� =

Z 2⇡

0
d�

Z
rdr T 0

� =
J

8G3

<latexit sha1_base64="+ovLzpZRoNmehX6/vDAXBndC68g="></latexit>

E = �
Z 2⇡

0
d�

Z
rdr T 0

0 =
m

8G3

<latexit sha1_base64="0lfGor6XgFAftBfGcYLbY1gI77s="></latexit>

PKomar =
cJ

8G3

<latexit sha1_base64="VEHIUqvcFcf7vXBqK+vC6JcD7D0="></latexit>

EKomar = 1



2. Compact star 

S. Aoki, T. Onogi and S. Yokoyama, 
“Conserved charge in general relativity”, 
 arXiv:2005.13233[gr-qc]



stationary spherically symmetric metric

ds2 = �f(r)(dx0)2 + h(r)dr2 + r2g̃ijdx
idxj

with perfect fluid

3

which leads to a form proportional to a delta function:

T 0
0 =

d− 2

16πGNrd−2
∂r
(
rd−3F

)
= −ρ

δ(r)

rd−2
. (15)

We here insert the step function θ for the singular term in
(6), so that F (r) = δf(r)θ(r) and δ(r) = dθ(r)

dr . Thus the
matter energy momentum tensor Tµ

ν for the black hole
can be understood as a distribution. We can calculate E
as the volume integral, which also leads to (12), justifying
the use of the step function to handle the singularity at
r = 0.

3-2. Reissner-Nordström black hole

Below we present a more illuminative computation
of a mass of a charged black hole in general d dimen-
sions, whose metric is given in (5) by replacing f(r) with
fq(r) = f(r) + d−3

d−28πGNq2r−2(d−3), together with the

gauge potential Aµ = (− q
rd−3 + q

rd−3
+

)δ0µ, where q, r+ are

constants[17]. This configuration of gravitational and
gauge fields satisfies the equations of motion given by

Gµν + Λgµν = 8πGN (TG
µν + TA

µν), ∇µF
µ
ν = Jν , (16)

where Fµν := ∇µAν − ∇νAµ and TA
µν := Fµ

αFνα −
1
4gµνFαβFαβ . Here TG

µν and Jν explicitly represent
the singular contributions of the metric and the gauge
potential at r = 0, respectively. Explicitly (TG +
TA)00 is given in (15) by replacing F with Fq = F +
d−3
d−28πGNq2r−2(d−3).
Since this metric is also static, the energy defined by

(7) is conserved. However this charge diverges, due to
the contribution of the electromagnetic field. Physically,
this divergence can be interpreted as the self-energy for
the charged point particle. Indeed it remains even for the
flat space-time with M = 0 and Λ = 0. Classically, the
charged black hole has the infinite energy due to the infi-
nite electromagnetic energy. Thus the renormalization as
well as the quantization of the gauge field on the curved
space are needed to fix this problem, as was so on the
flat space.
Fortunately, since ∇µ(TG)µ0 = 0 (thus ∇µ(TA)µ0 =

0), we can define an energy from the covariantly con-
served TG alone without electromagnetic energy as

(TG)00 = − (d− 2)

16πGdrd−2
∂r
(
rd−3F (r)

)
, (17)

where F is given before. We thus obtain

EG =

∫
dd−2x⃗

∫
dr
√
|g|(TG)00ξ

0 = Vd−2ρ, (18)

which reproduces the result in the special case of [17].
This system allows another conserved quantity, thanks

to the invariance under the U(1) gauge transformation by
δAµ = ∂µθ, which leads to

∂µj
µ = 0, jµ = ∇ν

(√
|g|Fµν

)
(19)

without using the Maxwell equation. According to
our prescription, Qc =

∫
dd−2x

∫
dr
√
|g|J0 with J0 =

j0/
√
|g| gives the conserved electric charge, which is eval-

uated asQc = Vd−2(d−3)q. At d = 4 for k > 0, Qc = 4πq.

3-3. BTZ black hole

As a final example, we compute a charge different from
a mass. To this end we consider a BTZ black hole and
compute its angular momentum [18]. The metric

ds2 = −f(r)dt2 +
1

f(r)
dr2 + r2(dφ− ω(r)dt)2, (20)

where

f(r) =
r2

L2
− 2GNMθ(r) +

G2
NJ2

4r2
, ω(r) =

GNJ

2r2
, (21)

with M,J are constants, satisfies the Einstein equation
in three dimensions. We insert the step function to the
constant part to emphasize that this solution is valid ex-
cept the origin.

This BTZ black hole has not only a Killing vector with
respect to the time translation but also the one which
rotates the system, ξµ = δµφ . As in the previous cases
the first one defines the mass, which can be similarly
computed as E = M

4 . On the other hand, the second
Killing vector define an angular momentum:

Pφ =

∫
d2x
√
|g|T 0

φ. (22)

T 0
φ is computed from the Einstein tensor as T 0

φ =
− 1

16πGNr∂r
(
r3ω′(r)

)
. Thus we find Pφ = J

8 , which re-
produces the known result [18].

4. MASS OF A COMPACT STAR

Our formula for the conserved charge leads to non-
trivial corrections to a mass of a compact star.

4-1. Oppenheimer-Volkoff equation

Let us consider the energy momentum tensor for the
fluid, given by

T 0
0 = −ρ(r), T r

r = P (r), T i
j = δijP (r), (23)

where ρ(r) is the energy density and P (r) is the pres-
sure. The Oppenheimer-Volkoff equation[19, 20] for the
metric eq. (5) with 1/f(r) in the second term replaced
by another function h(r) becomes

−dP (r)

dr
=

GNρ(r)M(r)

rd−2

(
1 +

P (r)

ρ(r)

)
h(r)

×
{
d− 3 +

rd−1

(d− 2)M(r)

(
8πP (r)− 2Λ

(d− 1)GN

)}
,(24)

Einstein equation Oppenheimer-Volkoff equation 

1

h(r)
= k � 2GdM(r)

rd�3
� 2⇤r2

(d� 2)(d� 1)
with

M(r) =
8⇡

d� 2

Z r

0
dssd�2⇢(s), M(0) = 0

�dP (r)

dr
=

GdM(r)

rd�2
(P (r) + ⇢(r))h(r)

⇢
d� 3 +

rd�1

(d� 2)M(r)

✓
8⇡P (r)� 2⇤

(d� 1)Gd

◆�

Oppenheimer-Volkoff, PR55(1939)374.

EOS P = P (⇢) solution to OV equation

Oppenheimer-Volkoff equation



R

radius of compact star R from P (r = R) = 0

⇢(r)

r1

Schwarzschild metric with m = M(R)

f(r) =
1

h(r)
= k � 2GdM(R)

rd�3
� 2⇤r2

(d� 2)(d� 1)

r > R, ⇢(r) = P (r) = 0

Schwarzschild metric

outside star

gravitational mass



Energy of a compact star

Killing vector ⇠µ = ��µ0conserved energy

E = �
Z

dd�2x

Z 1

0
dr
p

|g|T 0
0 = Vd�2

Z R

0

p
f(r)h(r)rd�2⇢(r)

Schutz’s textbook (guess)

gravitational mass
<latexit sha1_base64="+tv0mg+A6j2MDbcyA45Ik1NNeJI="></latexit>

M(R) =
8⇡

d� 2

Z R

0
dr rd�2⇢(r)
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Z R

0
dr

p
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dr
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Physical meaning of

Newtonian limit

gravitational interaction energy at d=4

�E ' �GdVd�2

Z R

0
dr rM(r)⇢(r) + · · ·

correction term represents the gravitational interaction energy ! 

cf. Komar energy EKomar =
c(d� 3)Vd�2

8⇡
M(R)

Komar energy misses the gravitational interaction energy.

Our definition is physically more sensible.

U4 := �Gd

2

Z
dd�1x dd�1y

⇢(~x)⇢(~y)

|~x� ~y| = �4⇡G4

Z R

0
dr rM(r)⇢(r)
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constant density

interaction energy

R � Rmin =
9GMBH

4

' �68% of MBH at R = Rmin

⇢(r) = ⇢0

Size of gravitational interaction energy

Gravitational interaction energy  could be large !

A neutron star may have a much smaller total energy than the observed mass.

MBH =
4⇡R3⇢0

3
fixed

E = MBH � ⇡⇢0
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A total energy is 1/3 of the observed mass.

A maximum energy of NS could be much smaller than its maximum mass.

d = 4,⇤ = 0, k = 0



Part II.  
Conserved charges 
without symmetry
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Q[v](t) =

Z

⌃t

dd�1x
p

|g|T 0
⌫v

⌫ ,Charge

2

that direction, respectively. Superiority of this definition
is its manifest general covariance.

It can be shown that the charge defined by (1) is con-
served or time-independent when vµ is a Killing vector
field and the energy momentum tensor is covariantly con-
served [20–22]. In this case the defined charge becomes a
Nöther charge corresponding to global symmetry of the
system. We emphasize that our proposal can be applied
not only to Einstein gravity but also to any other gravi-
tational theories.

A question is whether a charge Q[v] conserves if v is
other than a Killing vector field. To answer this ques-
tion we study the time evolution of the charge, which is
computed as [20]

dQ[v]

dt
=

∫

Σt

dd−1x⃗
√

|g|Tµ
ν∇µv

ν . (2)

Therefore if a vector field satisfies the following differen-
tial equation

Tµ
ν∇µv

ν = 0, (3)

then it is sufficient for the charge Q[v] to conserve. In
this sense we refer to the equation (3) as the conserva-
tion condition for the vector v. In particular any Killing
vector field trivially satisfies the conservation condition.
This gives our conclusion i) .

2.2 Intrinsic vector field

Since the conservation condition (3) is a 1st order lin-
ear partial differential equation, we can convert it to or-
dinary differential equations by the method of character-
istics with a parameter τ . Therefore, for a given energy
momentum tensor, there always exists a general solution
at least locally in τ , which is determined uniquely once
we fix an appropriate initial condition at τ = 0 on a hy-
persurface Σt0 including a choice of a direction of the
vector v. (The existence of such a vector for a special
case in general relativity was pointed out in Ref. [24].)
Since the time direction must be chosen in any physical
system, there always exists a vector field to satisfy (3)
proportional to a time evolution vector field. We refer to
this vector field as an intrinsic vector field and denote it
by ζ.

The above argument establishes our conclusion ii) that
there always exists a conserved quantity of the form (1) in
any field theory on general curved spacetime even with-
out any global symmetry. Thus this conserved charge is
different from a Nöther charge and must be very special
and fundamental for the system. In the next section, we
give physical interpretation for this charge.

3. ENTROPY AND ENTROPY CURRENT

What is the physical meaning of the conserved charge
Q[ζ] associated with the intrinsic vector field? Our an-
swer is entropy of the system,

S := Q[ζ] =

∫
dd−1x s0, (4)

where s0 is the time component of an entropy current
density defined by

sµ =
√

|g|Tµ
νζ

ν . (5)

One can easily show that this current density satisfies
the ordinary continuity equation ∂µsµ = 0, thanks to the
conservation condition (3) and the covariant conservation
of the energy momentum tensor.
Let us give some remarks for this interpretation. The

entropy is the most fundamental quantity and uniquely
defined in a dynamical system, and therefore it is phys-
ically reasonable that the entropy is related to the con-
served charge Q[ζ], which is also uniquely defined for a
generic system without global symmetry. Since the fun-
damental physics law is expected to be reversible, it is
natural that the entropy of the whole system including
matter with gravitational interaction is conserved in a
fundamental theory such as general relativity. To the
contrary, if the entropy were not conserved, for example,
in a general gravitational system, then it would mean
that there exists extra matter producing entropy via un-
known interaction (‘fifth force’), which would be unrea-
sonable. Further evidence will be presented in following
subsections.

3.1 Analysis for geometry without horizon

Let us analyze our proposal in the case where there
exists a globally well-defined unit time evolution vector
field, which we denote by nµ. In this case tensors can be
decomposed into the longitudinal and transverse com-
ponents with respect to this vector for each index. For
example, the energy momentum tensor is decomposed as

Tµ
ν = ρnµnν + Pµ

ν − nµJν − Jµnν , (6)

where ρ := nµTµ
νnν , Pµ

ν := ḡµαTα
β ḡβν , Jν :=

nαTα
β ḡβν , with ḡµν = δµν +nµnν , and the metric tensor

is decomposed into the ADM form as

ds2 = −N2(dx0)2 + ḡij(dx
i +N idx0)(dxj +N jdx0), (7)

where N,N i are called a lapse function and a shift vector,
respectively. Note that J0 = 0 and nµ = −Nδ0µ.
From the covariant conservation, we have

(∇µTµ
ν)nν = 0, which boils down to

∂̌ρ+ ρK + Pµ
νK

ν
µ + nν∇̌Jν − ∇̄µJ

µ = 0, (8)

6= 0 in generic spacetime w/o symmetry
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tion condition for the vector v. In particular any Killing
vector field trivially satisfies the conservation condition.
This gives our conclusion i) .
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dinary differential equations by the method of character-
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there always exists a conserved quantity of the form (1) in
any field theory on general curved spacetime even with-
out any global symmetry. Thus this conserved charge is
different from a Nöther charge and must be very special
and fundamental for the system. In the next section, we
give physical interpretation for this charge.

3. ENTROPY AND ENTROPY CURRENT

What is the physical meaning of the conserved charge
Q[ζ] associated with the intrinsic vector field? Our an-
swer is entropy of the system,
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∫
dd−1x s0, (4)

where s0 is the time component of an entropy current
density defined by

sµ =
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νζ

ν . (5)

One can easily show that this current density satisfies
the ordinary continuity equation ∂µsµ = 0, thanks to the
conservation condition (3) and the covariant conservation
of the energy momentum tensor.
Let us give some remarks for this interpretation. The

entropy is the most fundamental quantity and uniquely
defined in a dynamical system, and therefore it is phys-
ically reasonable that the entropy is related to the con-
served charge Q[ζ], which is also uniquely defined for a
generic system without global symmetry. Since the fun-
damental physics law is expected to be reversible, it is
natural that the entropy of the whole system including
matter with gravitational interaction is conserved in a
fundamental theory such as general relativity. To the
contrary, if the entropy were not conserved, for example,
in a general gravitational system, then it would mean
that there exists extra matter producing entropy via un-
known interaction (‘fifth force’), which would be unrea-
sonable. Further evidence will be presented in following
subsections.

3.1 Analysis for geometry without horizon

Let us analyze our proposal in the case where there
exists a globally well-defined unit time evolution vector
field, which we denote by nµ. In this case tensors can be
decomposed into the longitudinal and transverse com-
ponents with respect to this vector for each index. For
example, the energy momentum tensor is decomposed as

Tµ
ν = ρnµnν + Pµ

ν − nµJν − Jµnν , (6)

where ρ := nµTµ
νnν , Pµ

ν := ḡµαTα
β ḡβν , Jν :=

nαTα
β ḡβν , with ḡµν = δµν +nµnν , and the metric tensor

is decomposed into the ADM form as

ds2 = −N2(dx0)2 + ḡij(dx
i +N idx0)(dxj +N jdx0), (7)

where N,N i are called a lapse function and a shift vector,
respectively. Note that J0 = 0 and nµ = −Nδ0µ.
From the covariant conservation, we have

(∇µTµ
ν)nν = 0, which boils down to
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“conservation condition”  
for v

6.2.2 Generalized Killing vector 26

6.2.3 Zero pressure fluid 27

Part I

Conserved charges without Killing vectors

1 Our new proposal

We define the covariant conserved current in general relativity without Killing vectors as

Jµ(v) := Tµ
νv

ν , (1.1)

where a vector vµ satisfies
∑

µ,ν

Tµν(∇µvν +∇νvµ) = 0, (1.2)

which is automatically satisfied if v is a Killing vector. Indeed, it is easy to check

∇µJ
ν(v) = Tµ

ν∇µv
ν =

1

2
Tµν(∇µvν +∇νvµ) = 0. (1.3)

Thus

Q(v) =

∫

Σ0(t)

√
−g dΣ0 J

0(v) (1.4)

is conserved, where Σ0(t) is a time-slice for fixed t and
∫
dΣ0 is a volume integral on this

surface.

We next show that eq.(1.2) has solutions. After a little algebra, eq.(1.2) becomes

Aµ
ν∂νv

µ +Bµv
µ = 0, (1.5)

where

Aµ
ν = 2Tµ

ν = Tµ
ν + T ν

µ, Bµ = 2Tα
βΓ

β
αµ = (Tα

β + Tβ
α)Γβ

αµ. (1.6)

Since eq. (1.5) is a linear partial differential equation for the vector v, the solution can be

always obtained numerically, and sometime analytically.

Let us consider how many solutions are independent for v. We first consider the only

one element of v is non-zero: vµ = v1δ
µ
µ1 . In tis case, we have

Dµ1v1 := Aµ1
ν∂νv1 +Bµ1v1 = 0. (1.7)

Therefore, there are d independent such solutions. We next consider v which has only two

non-zero components: vµ = v1δ
µ
µ1 + v2δ

µ
µ2 , which leads to

Dµ1v1 +Dµ2v2 = 0, Dµ1v1 ̸= 0, Dµ2v2 ̸= 0. (1.8)

– 1 –

Aµ
⌫ := Tµ

⌫ , Bµ = T↵
��

�
↵µ

fix direction 1st order linear PDE

The 2nd and 3rd condition are needed to have independent solutions. Therefore, there are

dC2 solutions. Repeating these procedures up to a full solution v whose components are all

non-zero, we obtain
∑d

k=1 dCk = 2d − 1 independent solutions. However, there solutions

may not lead to the same number of independent charges, constructed from Tµν .

1.1 Solution to eq. (1.7)

We here discuss how we can obtain a solution to eq. (1.7), where we write vµ = vδµµ1 ,

Aµ := Aµ
µ1 and B := Bµ1 . A solution to the partial differential equation,

Aµ∂µv +Bv = 0, (1.9)

is converted to the ordinary differential equation,

dxµ

dt
= Aµ(x), (1.10)

dv(t)

dt
= −B(x)v(t). (1.11)

which can be solved as an initial value problem.

We here assume Ad ̸= 0 by renaming xµ. (Note that if all Aµ = 0, EMT identically

vanishes.) Let us consider d− 1 dimensional hyperplane S defined by a condition that

Ad(x1, · · · , xd−1, xd = c) ̸= 0 (1.12)

with xd = c (constant). Taking (y1, · · · , yd−1, c) ∈ S as an initial value such that
⎧
⎪⎨

⎪⎩

xµ(0) = yµ (µ = 1, 2, · · · , d− 1),

xd(0) = c,

v(0) = w(y0, · · · , yd−1)

, (1.13)

where w is an arbitrary function, we can easily solve eq. (1.11). Since eq. (1.12) implies

∂(x1, x2, · · · , xd−1, xd)

∂(y1, y2, · · · , yd−1, t)
̸= 0 (1.14)

near the hyperplane S, we can express (y1, y2, · · · , yd−1, t) as a function of (x1, x2, · · · , xd−1, xd).

Therefore u can be regarded as a function of xµ, which gives a solution to eq. (1.7).

1.2 Local entropy conservation

Let us consider an EMT given by

T 0
0 = −ρ, T j

k = P j
k, T 0

j = T j
0 = 0. (1.15)

The conservation law, ∇µTµ
0 = 0 leads to

−∂0ρ− Γk
k0ρ− Γj

0kP
k
j = 0, (1.16)

while eq. (1.5) for vµ = −βδµ0 becomes

ρ∂0β − (Γj
0kP

k
j − Γ0

00ρ)β = 0. (1.17)
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simultaneous linear ODE

A solution exists 
(at least locally in t). 

initial value is given  
on a hyper surface  
at fixed t.

sufficient condition 
for conservation
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cf. Kodama vector is a solution for the spherically symmetric case.



we can define a generic conserved charge in general relativity.

Hereafter, we consider the case where the vector is proportional to time direction, 
and write it as  vµ = ⇣µ

dQ[v]

dt
= 0

What is this conserved charge ?

2

that direction, respectively. Superiority of this definition
is its manifest general covariance.

It can be shown that the charge defined by (1) is con-
served or time-independent when vµ is a Killing vector
field and the energy momentum tensor is covariantly con-
served [20–22]. In this case the defined charge becomes a
Nöther charge corresponding to global symmetry of the
system. We emphasize that our proposal can be applied
not only to Einstein gravity but also to any other gravi-
tational theories.

A question is whether a charge Q[v] conserves if v is
other than a Killing vector field. To answer this ques-
tion we study the time evolution of the charge, which is
computed as [20]
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∫

Σt

dd−1x⃗
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|g|Tµ
ν∇µv

ν . (2)

Therefore if a vector field satisfies the following differen-
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Tµ
ν∇µv

ν = 0, (3)

then it is sufficient for the charge Q[v] to conserve. In
this sense we refer to the equation (3) as the conserva-
tion condition for the vector v. In particular any Killing
vector field trivially satisfies the conservation condition.
This gives our conclusion i) .

2.2 Intrinsic vector field

Since the conservation condition (3) is a 1st order lin-
ear partial differential equation, we can convert it to or-
dinary differential equations by the method of character-
istics with a parameter τ . Therefore, for a given energy
momentum tensor, there always exists a general solution
at least locally in τ , which is determined uniquely once
we fix an appropriate initial condition at τ = 0 on a hy-
persurface Σt0 including a choice of a direction of the
vector v. (The existence of such a vector for a special
case in general relativity was pointed out in Ref. [24].)
Since the time direction must be chosen in any physical
system, there always exists a vector field to satisfy (3)
proportional to a time evolution vector field. We refer to
this vector field as an intrinsic vector field and denote it
by ζ.

The above argument establishes our conclusion ii) that
there always exists a conserved quantity of the form (1) in
any field theory on general curved spacetime even with-
out any global symmetry. Thus this conserved charge is
different from a Nöther charge and must be very special
and fundamental for the system. In the next section, we
give physical interpretation for this charge.

3. ENTROPY AND ENTROPY CURRENT

What is the physical meaning of the conserved charge
Q[ζ] associated with the intrinsic vector field? Our an-
swer is entropy of the system,

S := Q[ζ] =

∫
dd−1x s0, (4)

where s0 is the time component of an entropy current
density defined by

sµ =
√

|g|Tµ
νζ

ν . (5)

One can easily show that this current density satisfies
the ordinary continuity equation ∂µsµ = 0, thanks to the
conservation condition (3) and the covariant conservation
of the energy momentum tensor.
Let us give some remarks for this interpretation. The

entropy is the most fundamental quantity and uniquely
defined in a dynamical system, and therefore it is phys-
ically reasonable that the entropy is related to the con-
served charge Q[ζ], which is also uniquely defined for a
generic system without global symmetry. Since the fun-
damental physics law is expected to be reversible, it is
natural that the entropy of the whole system including
matter with gravitational interaction is conserved in a
fundamental theory such as general relativity. To the
contrary, if the entropy were not conserved, for example,
in a general gravitational system, then it would mean
that there exists extra matter producing entropy via un-
known interaction (‘fifth force’), which would be unrea-
sonable. Further evidence will be presented in following
subsections.

3.1 Analysis for geometry without horizon

Let us analyze our proposal in the case where there
exists a globally well-defined unit time evolution vector
field, which we denote by nµ. In this case tensors can be
decomposed into the longitudinal and transverse com-
ponents with respect to this vector for each index. For
example, the energy momentum tensor is decomposed as

Tµ
ν = ρnµnν + Pµ

ν − nµJν − Jµnν , (6)

where ρ := nµTµ
νnν , Pµ

ν := ḡµαTα
β ḡβν , Jν :=

nαTα
β ḡβν , with ḡµν = δµν +nµnν , and the metric tensor

is decomposed into the ADM form as

ds2 = −N2(dx0)2 + ḡij(dx
i +N idx0)(dxj +N jdx0), (7)

where N,N i are called a lapse function and a shift vector,
respectively. Note that J0 = 0 and nµ = −Nδ0µ.
From the covariant conservation, we have

(∇µTµ
ν)nν = 0, which boils down to

∂̌ρ+ ρK + Pµ
νK

ν
µ + nν∇̌Jν − ∇̄µJ

µ = 0, (8)
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that direction, respectively. Superiority of this definition
is its manifest general covariance.

It can be shown that the charge defined by (1) is con-
served or time-independent when vµ is a Killing vector
field and the energy momentum tensor is covariantly con-
served [20–22]. In this case the defined charge becomes a
Nöther charge corresponding to global symmetry of the
system. We emphasize that our proposal can be applied
not only to Einstein gravity but also to any other gravi-
tational theories.

A question is whether a charge Q[v] conserves if v is
other than a Killing vector field. To answer this ques-
tion we study the time evolution of the charge, which is
computed as [20]

dQ[v]

dt
=

∫

Σt

dd−1x⃗
√

|g|Tµ
ν∇µv

ν . (2)

Therefore if a vector field satisfies the following differen-
tial equation

Tµ
ν∇µv

ν = 0, (3)

then it is sufficient for the charge Q[v] to conserve. In
this sense we refer to the equation (3) as the conserva-
tion condition for the vector v. In particular any Killing
vector field trivially satisfies the conservation condition.
This gives our conclusion i) .

2.2 Intrinsic vector field

Since the conservation condition (3) is a 1st order lin-
ear partial differential equation, we can convert it to or-
dinary differential equations by the method of character-
istics with a parameter τ . Therefore, for a given energy
momentum tensor, there always exists a general solution
at least locally in τ , which is determined uniquely once
we fix an appropriate initial condition at τ = 0 on a hy-
persurface Σt0 including a choice of a direction of the
vector v. (The existence of such a vector for a special
case in general relativity was pointed out in Ref. [24].)
Since the time direction must be chosen in any physical
system, there always exists a vector field to satisfy (3)
proportional to a time evolution vector field. We refer to
this vector field as an intrinsic vector field and denote it
by ζ.

The above argument establishes our conclusion ii) that
there always exists a conserved quantity of the form (1) in
any field theory on general curved spacetime even with-
out any global symmetry. Thus this conserved charge is
different from a Nöther charge and must be very special
and fundamental for the system. In the next section, we
give physical interpretation for this charge.

3. ENTROPY AND ENTROPY CURRENT

What is the physical meaning of the conserved charge
Q[ζ] associated with the intrinsic vector field? Our an-
swer is entropy of the system,

S := Q[ζ] =

∫
dd−1x s0, (4)

where s0 is the time component of an entropy current
density defined by

sµ =
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|g|Tµ
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ν . (5)

One can easily show that this current density satisfies
the ordinary continuity equation ∂µsµ = 0, thanks to the
conservation condition (3) and the covariant conservation
of the energy momentum tensor.
Let us give some remarks for this interpretation. The
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ically reasonable that the entropy is related to the con-
served charge Q[ζ], which is also uniquely defined for a
generic system without global symmetry. Since the fun-
damental physics law is expected to be reversible, it is
natural that the entropy of the whole system including
matter with gravitational interaction is conserved in a
fundamental theory such as general relativity. To the
contrary, if the entropy were not conserved, for example,
in a general gravitational system, then it would mean
that there exists extra matter producing entropy via un-
known interaction (‘fifth force’), which would be unrea-
sonable. Further evidence will be presented in following
subsections.

3.1 Analysis for geometry without horizon

Let us analyze our proposal in the case where there
exists a globally well-defined unit time evolution vector
field, which we denote by nµ. In this case tensors can be
decomposed into the longitudinal and transverse com-
ponents with respect to this vector for each index. For
example, the energy momentum tensor is decomposed as
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ν = ρnµnν + Pµ

ν − nµJν − Jµnν , (6)

where ρ := nµTµ
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ν := ḡµαTα
β ḡβν , Jν :=
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β ḡβν , with ḡµν = δµν +nµnν , and the metric tensor

is decomposed into the ADM form as

ds2 = −N2(dx0)2 + ḡij(dx
i +N idx0)(dxj +N jdx0), (7)

where N,N i are called a lapse function and a shift vector,
respectively. Note that J0 = 0 and nµ = −Nδ0µ.
From the covariant conservation, we have

(∇µTµ
ν)nν = 0, which boils down to
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(1) This is not a Noether charge, since no symmetry exists.

(2) This is not an energy, but reduces to the energy for the Killing vector. 
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that direction, respectively. Superiority of this definition
is its manifest general covariance.

It can be shown that the charge defined by (1) is con-
served or time-independent when vµ is a Killing vector
field and the energy momentum tensor is covariantly con-
served [20–22]. In this case the defined charge becomes a
Nöther charge corresponding to global symmetry of the
system. We emphasize that our proposal can be applied
not only to Einstein gravity but also to any other gravi-
tational theories.
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this sense we refer to the equation (3) as the conserva-
tion condition for the vector v. In particular any Killing
vector field trivially satisfies the conservation condition.
This gives our conclusion i) .

2.2 Intrinsic vector field

Since the conservation condition (3) is a 1st order lin-
ear partial differential equation, we can convert it to or-
dinary differential equations by the method of character-
istics with a parameter τ . Therefore, for a given energy
momentum tensor, there always exists a general solution
at least locally in τ , which is determined uniquely once
we fix an appropriate initial condition at τ = 0 on a hy-
persurface Σt0 including a choice of a direction of the
vector v. (The existence of such a vector for a special
case in general relativity was pointed out in Ref. [24].)
Since the time direction must be chosen in any physical
system, there always exists a vector field to satisfy (3)
proportional to a time evolution vector field. We refer to
this vector field as an intrinsic vector field and denote it
by ζ.

The above argument establishes our conclusion ii) that
there always exists a conserved quantity of the form (1) in
any field theory on general curved spacetime even with-
out any global symmetry. Thus this conserved charge is
different from a Nöther charge and must be very special
and fundamental for the system. In the next section, we
give physical interpretation for this charge.

3. ENTROPY AND ENTROPY CURRENT

What is the physical meaning of the conserved charge
Q[ζ] associated with the intrinsic vector field? Our an-
swer is entropy of the system,

S := Q[ζ] =

∫
dd−1x s0, (4)

where s0 is the time component of an entropy current
density defined by

sµ =
√

|g|Tµ
νζ

ν . (5)

One can easily show that this current density satisfies
the ordinary continuity equation ∂µsµ = 0, thanks to the
conservation condition (3) and the covariant conservation
of the energy momentum tensor.
Let us give some remarks for this interpretation. The

entropy is the most fundamental quantity and uniquely
defined in a dynamical system, and therefore it is phys-
ically reasonable that the entropy is related to the con-
served charge Q[ζ], which is also uniquely defined for a
generic system without global symmetry. Since the fun-
damental physics law is expected to be reversible, it is
natural that the entropy of the whole system including
matter with gravitational interaction is conserved in a
fundamental theory such as general relativity. To the
contrary, if the entropy were not conserved, for example,
in a general gravitational system, then it would mean
that there exists extra matter producing entropy via un-
known interaction (‘fifth force’), which would be unrea-
sonable. Further evidence will be presented in following
subsections.

3.1 Analysis for geometry without horizon

Let us analyze our proposal in the case where there
exists a globally well-defined unit time evolution vector
field, which we denote by nµ. In this case tensors can be
decomposed into the longitudinal and transverse com-
ponents with respect to this vector for each index. For
example, the energy momentum tensor is decomposed as

Tµ
ν = ρnµnν + Pµ

ν − nµJν − Jµnν , (6)

where ρ := nµTµ
νnν , Pµ

ν := ḡµαTα
β ḡβν , Jν :=

nαTα
β ḡβν , with ḡµν = δµν +nµnν , and the metric tensor

is decomposed into the ADM form as

ds2 = −N2(dx0)2 + ḡij(dx
i +N idx0)(dxj +N jdx0), (7)

where N,N i are called a lapse function and a shift vector,
respectively. Note that J0 = 0 and nµ = −Nδ0µ.
From the covariant conservation, we have

(∇µTµ
ν)nν = 0, which boils down to

∂̌ρ+ ρK + Pµ
νK

ν
µ + nν∇̌Jν − ∇̄µJ

µ = 0, (8)
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One can easily show that this current density satisfies
the ordinary continuity equation ∂µsµ = 0, thanks to the
conservation condition (3) and the covariant conservation
of the energy momentum tensor.
Let us give some remarks for this interpretation. The

entropy is the most fundamental quantity and uniquely
defined in a dynamical system, and therefore it is phys-
ically reasonable that the entropy is related to the con-
served charge Q[ζ], which is also uniquely defined for a
generic system without global symmetry. Since the fun-
damental physics law is expected to be reversible, it is
natural that the entropy of the whole system including
matter with gravitational interaction is conserved in a
fundamental theory such as general relativity. To the
contrary, if the entropy were not conserved, for example,
in a general gravitational system, then it would mean
that there exists extra matter producing entropy via un-
known interaction (‘fifth force’), which would be unrea-
sonable. Further evidence will be presented in following
subsections.

3.1 Analysis for geometry without horizon

Let us analyze our proposal in the case where there
exists a globally well-defined unit time evolution vector
field, which we denote by nµ. In this case tensors can be
decomposed into the longitudinal and transverse com-
ponents with respect to this vector for each index. For
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where ∇̌ := nµ∇µ, ∇̄µ := ḡρµ∇ρ, Kν
µ := ∇̄µnν is the

extrinsic curvature, and K := Kµ
µ. Since the intrin-

sic vector field is defined to be proportional to a time
evolution vector field, we set ζµ = −βnµ, for which the
conservation condition (3) reduces to

ρ∂̌β − βPµ
νK

ν
µ + βJν∇̌nν − Jµ∂̄µβ = 0. (9)

Combining Eqs. (8, 9) and taking a new coordinate η

satisfying nµ =
∂xµ

∂η
, we obtain

d(ρβ)

dη
+ ρβK − ∇̄µ(J

µβ) = 0. (10)

In the case with Jµ = 0, this can be easily solved as

β = β0
ρ0
ρ

exp

[
−
∫ η

η0

dηK

]
(11)

where ρ0,β0 are initial values of ρ,β at η = η0, respec-
tively.

The entropy current density becomes

s0 =
√
ḡρβ, si = −β

√
ḡ(ρN i +NJ i) (12)

where ḡ := detḡij . Thus the continuity equation becomes

∂0s
0 = ∂i(s

0N i +N
√

|ḡ|J iβ), (13)

It would be amusing that the shift vector has a physical
meaning of the flow velocity of the entropy density when
J i = 0. Note that the entropy density is locally conserved
if J i = N i = 0.

3.2 The first law of thermodynamics

We now show that our entropy current density satis-
fies the first law of thermodynamics in isotropic systems,
so that the shift vector vanishes and the matter energy
momentum tensor is given by a perfect fluid, character-
ized by Pµ

ν = P ḡµν and Jµ = Jµ = 0 in (6), and thus

K =
d log

√
|ḡ|

dη . In this situation, it follows from the con-

tinuity equation (13) that the entropy density itself be-
comes time-independent. Furthermore, we can show that

1

β

ds0

dη
=

du

dη
+ P

dv

dη
, (14)

where v :=
√

|ḡ| is a volume density, u := ρv is the
(internal) energy density corresponding to a charge with
the unit time evolution vector field:

∫
dd−1xu = Q[−n].

This becomes exactly the first law of thermodynamics
if β is identified with the inverse temperature, which
proves our conclusion iii). Note that the variation by η
in eq. (14) is realized by some dynamical process, which
must satisfy the equation of motion for the matter, as
well as the Einstein equation or its variant for gravity if
the metric gµν is dynamical.

Our method determines both the entropy density s0

and the inverse temperature β for the matter through
the gravitational interaction with gµν . An overall nor-
malizations for both is fixed as an initial condition for
the intrinsic vector ζ in the system, but a ration s0/β is
free from such an ambiguity. Once the normalization is
given, the dependence of the temperature on spacetime
is completely controlled by eq. (3). This will be seen in
Sec. 4.1.

3.3 Case for black hole geometry

Let us consider applying the above formulation to
a black hole geometry, where the existence of globally
well-defined unit time-like vector field is not guaranteed.
Then the analysis done in Sec. 3.2 is not generally appli-
cable, and we need to analyze the system by setting the
intrinsic vector field ζµ = −ζδµ0 , where ζ is a function
determined to satisfy the conservation condition (3).
It happens, however, that the matter energy momen-

tum tensor in black hole geometry vanishes except sin-
gularity at the origin [20]. In such a case, the conserva-
tion condition is solved by any time-independent ζ, and
there is no further way to determine it. In this paper,
as a provisional prescription, we assume that the energy
conservation law holds to satisfy 1

β ds
0 = du + Pdv as

in the previous case, and we determine ζ to satisfy the
first law of thermodynamics with temperature given by
the Hawking temperature identical to the surface gravity
normalized by 2π[4]. We expect that this assumption is
in principle verified by setting up a gravitational system
such that a smooth geometry with matter gravitationally
collapses into the black hole and keeping track of charges
during the process. We leave this to future studies.

4. APPLICATIONS

4.1 Freedmann-Lemâıtre-Robertson-Walker metric

Let us consider d-dimensional Freedmann-Lemâıtre-
Robertson-Walker metric , which is given by ds2 =
−(dx0)2 + a2g̃ijdxidxj , where a is the scale factor de-
pendent only on time, and the Ricci tensor for g̃ is
R̃ij = (d − 2)kg̃ij with k = 1, 0,−1 corresponding
to a (d − 1)-dimensional sphere, flat space, hyperbolic
space, respectively. This is a model of homogeneous
and isotropic expanding universe in Einstein gravity with
cosmological constant Λ. In particular, the shift vector
vanishes and the energy momentum tensor is given by
a perfect fluid, whose density ρ and pressure P are de-
termined by the Einstein or Freedman equation as ρ =

3
8πGN

(
ȧ2

a2 + k
a2 − Λ

3

)
, P = −1

4πGN

(
ä
a + ȧ2

2a2 + k
2a2 − Λ

2

)
,

where ḟ = ∂0f .
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4.1 Freedmann-Lemâıtre-Robertson-Walker metric

Let us consider d-dimensional Freedmann-Lemâıtre-
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space, respectively. This is a model of homogeneous
and isotropic expanding universe in Einstein gravity with
cosmological constant Λ. In particular, the shift vector
vanishes and the energy momentum tensor is given by
a perfect fluid, whose density ρ and pressure P are de-
termined by the Einstein or Freedman equation as ρ =

3
8πGN

(
ȧ2

a2 + k
a2 − Λ

3

)
, P = −1

4πGN

(
ä
a + ȧ2

2a2 + k
2a2 − Λ

2

)
,

where ḟ = ∂0f .

⇢(t)ad�1(t)�(t) = u(t)�(t) = t-independent

K =
d(log ad�1(t))

dt

perfect fluid

Tds0 = du+ Pdv = 0 T decreases as the Universe expands P 6= 0

(T: constant for P=0)

For the closed Universe, it expands, stops and contracts.

Entropy is conserved during this process.

Tµ
⌫ = ⇢nµn⌫ + Pgµ⌫

ds2 = �dt2 + a2(t)ḡijdx
idxj
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dv > 0 (expand) ) du  0

<latexit sha1_base64="5mGxtIa1+HFB/RfA8RmhQMLu7rg="></latexit>

du  0 ) d� � 0



II-3. Exact gravitational plane wave

ds2 = e2⌦(u)(dx2 � d⌧2) + u2(e2�(u)dy2 + e�2�(u)dz2) u = ⌧ � x

T x
x = T ⌧

x = �T ⌧
⌧ = �T x

⌧ =
e�2⌦

4⇡u

�
2⌦0 � u�02�EMT

conservation vectors vµ0 = ��µ⌧ vµx = �µx

conserved charges E = Px =
V2

4⇡

Z
dxu (2⌦0 � u�02)

E = Px = 0
2⌦0 � u�02 = 0

u�00 + 2�0 � u2�03 6= 0
8Rab = 0,9 Rabcd 6= 0

The Ricci flat gravitational wave does not carry energy/momentum.

Tµ
⌫ 6= 0 Tµ

⌫ = 0, Rµ⌫↵� 6= 0



II-4. Black hole entropy
Schwarzschild black hole
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Tµ
0 = �⇢�µ0 , ⇢ :=

(d� 2)

16⇡Gd

rd�3
0 �(r)

rd�2
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⇣µ = �⇣(~x)�µ0

solution
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⇣ := ⇣(~0)

Assume
Hawking temperature
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T :=
d� 3� 2⇤r

2
H

d�2

4⇡rH
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u(rH) = �1

outer horizon
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S = �
Z

dd�1xT 0
0⇣(~x) = E⇣
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E :=
(d� 2)Vd�2r

d�3
0

16⇡Gd
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TdS = dE
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⇣ + E
d⇣

dE
=

1

T
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⇣ =
1

E

Z
dE

T
=

1

E

Z
rH

0

dE

TdrH
drH =

Vd�2r
d�2
H

4GdE
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dE

TdrH
=

(d� 2)Vd�2r
d�3
H

4G
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S =
Vd�2r

d�2
H

4Gd

=
AH

4Gd

Bekenstein-Hawking formula

However, entropy is localized at the origin, not at the horizon.

S = E⇣
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⇣µ = �⇣�µ0
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S = E⇣

Assume
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@S

@E

����
P�

=
1

T
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T =
r2+ � r2�
2⇡L2r+

Hawking temp.

horizon
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r2± =
mL2
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0

@1±

s

1�
✓

J
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◆2
1

A
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E =
r2+ + r2�
8G3L2

, P� =
2r+r�
8G3L
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S =

Z
r+

0
dr+

dE

Tdr+

����
P�

=
1

4G3

Z
r+

0

dr+
T

✓
r+ + r�

dr�
dr+

◆
=

2⇡r+
4G3

=
AH

4G3

Bekenstein-Hawking<latexit sha1_base64="sclDZ9rD2pWJW9ijU2T1brvEcEM="></latexit>

dP�

dr+
= 0 ) dr�

dr+
= �r�

r+

Furthermore 

chemical potential
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TdS = dE � µ�dP� 1st law of thermodynamics
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Summary and Outlook 



Part I.
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E =

Z

⌃(x0)
d⌃0

p
�gT 0

µ⇠
µcovariant and universal definition of 

conserved energy for the 1st time

Eours +1 Eours ��E

1 (⇤ 6= 0)

EKomar (⇤ = 0)
+1

1 (⇤ 6= 0)

EKomar (⇤ = 0)

1 (⇤ 6= 0)

EKomar (⇤ = 0)
+0

1 (⇤ 6= 0)

EKomar (⇤ = 0)

Neutral 
BH

Charged 
BH

BTZ 
BH

compact 
star

Ours

Komar  
(Volume)

Komar 
(Surface)

Eours =
(d� 2)Vd�2r

d�3
0

16⇡Gd
EKomar =

c(d� 3)Vd�2r
d�3
0

16⇡Gd

Killing

failure of Stokes’ theorem



Part II.
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S =

Z

⌃(x0)
d⌃0

p
�gT 0

µ⇣
µgeneric conserved charge  = entropy

Entropy is a source of the gravitational interaction.

A total entropy in the whole system is always conserved, 
as nothing can escape from a censorship of gravity.

Gravity may provide a new tool to define entropy and temperature 
in an arbitrary system.

 A correct understanding of general relativity after 105 years from Einstein.

Gravitational fields do not carry energy/entropy.

天網恢恢疎にして漏らさず。



Classical general relativity 

binary stars How do they loose “energy” ?

gravitational collapse

Quantum gravity

Gravitational fields classically have no energy/entropy.  

If necessary, how can we quantize gravitons with no observed energy/entropy ? 

Future investigations

Is it necessary to quantize gravity ? 

No exchange of energy/entropy between matters and gravitational fields.


