Selt-adjoint extension in qguantum
mechanics & non-Rydberg
spectra of 1D hydrogen atom

Taksu Cheon
Kochi University of Technology

Seminar@RIKEN, 13.5.2021



Plan of the talk

Short introduction to self-adjoint operators
Singular interaction on a line

Quantum graph vertices

Self-adjoint extension of 1D 1/|x| potential

non-Rydberg spectra of 1D hydrogen



Self-adjointness

o0
e Quiz: Quantum mechanics on x € [0,L]
Let’'s have w(0) = w(L) =20

: . . nnx
Eigenstates of H = > 1.e. y (x) = SIHT are
X
. 1 d
not eigenstates of p = —— though H = p?
I dx N\
In fact, spectra of p is nil - Why?

 Ans: Operator to be observable, Hermiticity is not

enough. Has to be self-adjoint
Condition for Hilbert operator & vector
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Self-adjointness for p

Condition for Hilbert operator & vector

L

i 1 d ,
o dxg™*(x)——w(x) w, ¢ € L=(0,L)
Jo I dx

oL

1 d *
= —i [p*(Lw(L) — p*O)(0)| + | dx (TEW)) W(x)

70

« To make p Hermite (¢ | pw) = (p¢ | w)
we can have y(L) = y(0) = 0 & arbitrary ¢(0), ¢(L)

self-adjoint extension i

or we can have y(L) = e?y(0) & ¢(L) = e*ph(0)
Self-adjoint: D(p) = D(p*) : symmetric
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Self-adjointness for H

L

J0

dxp™(x) (

2

dx?

L

0

o0

d &
) W(x)—

dx(

*

d2
= cb(x)) W(x)

= — [p*(Ly/(L) — ¢*Lyw(L) — $*OW(0) + ¢™*O)y(0))

« To make H self-adjoint,
namely, H Hermitian, H = H* and D(H) = D(H™),
we need to Impose

Wigp*(L), y(L)] — W[¢*(0),w(0)] =0

Wronskian W[@(x), w(x)] = ¢(x)y'(x) — ¢ (x)y(x)

5



Self-adjointness for H

nl. 2

2
Jo dx

. dX¢*(X)<

L

0

o——0

d P
) W(x)—

*

d2
dx( dxzcb(x)) W(x)

= — [p*(Ly/(L) — ¢*Lyw(L) — $*OW(0) + ¢™*O)y(0))

« To make H self-adjoint,

namely, H Hermitian, H = H* and D(H) = D(H*),
we need to Impose

J(L) — J(0)

= 0

probability flux J(x) = i (y*(x)y'(x) — y* (X (x))
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Self-adjointness for H

0__ 0,
d2

» Consider free particle H=——
dx?

on a ring with a defect

« To make H self-adjoint

w0 )w'(02) —yw™ (0 )w(0) = w*(0 )y (0,) — w0 w(0,)
or

J(0,)—JO_)=0
probability flux J(x) = i (y*(x)y'(x) — w™* (X (x))



Polint Interaction on a line

+ Consider free particle V- %
on a R\{0} e
H=——
dx?

« To make H self-adjoint

(0w '(02) — w0 )w(0) = w*(0 )y (0,) — w0 w(0,)

* This includes
w'(0) —yw'(02) = ow(0,) = oy (0_)
L real parameter

Dirac’s o function potential |
v = 0: free connection



Polint Interaction on a line

» Consider free particle —O—QO+—
on a R\{0} P
H=——
dx?

« To make H self-adjoint

w0y (00) = w0 )y (0_) = w*(0 )y’ (0,) — =0y (0,)

e Connection condition for general point interaction
includes exotic y(0,) —w(0_) = uy'(0,) = uy'(0_)

Seba’s 0’ potential u real parameter



Polint Interaction on a line

» Consider free particle —O—QO+—
on a R\{0} P
H=——
dx?

« To make H self-adjoint

w0y (00) = w0 )y (0_) = w*(0 )y’ (0,) — =0y (0,)

e Connection condition for general point interaction
includes exotic y(0,) = ryp(0_), w'(0,) = (1/H)y'(0_)

Scale invariant point potential u real parameter

10



Polint Interaction on a line

Free particleonaR\{0} %%

w0y (00) = w0 )y (0_) = w*(0 )y’ (0,) — w0y (0,)

, 0 (0
Define ¥, = (W( +)>, P, = ( l//(, +) ) - flux cons.
w(0_) —yw'(0_)
equiv. to ¥, = ¥IW, — W, +i¥,| = |¥, - ¥,
Von Neumann's construction
U(¥Y, +i¥,) =¥, —-i¥,, UeUQR) 4-param.family
or (U-D¥Y,—(U+DHY, =0 connection cond.

Generized point interaction: detailed analysis in wider context
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Summary (1)

e Self-adjointness is the condition for an operator to
be an observable

* In 1D, selt-adjointness of Laplacian operator is
equivalent to flux conservation

* Applied to R\{0}, selt-adjoint extension of Laplacian
vields generalized point interaction on a line
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Quantum graph

* Quantum particle on graph (lines & nodes)

“mathematical physics” aspect

 Minimal extension of 1-dim quantum mechanics

“applicational” aspect

 Model of single electron device

e free motion on line
—>» physIcs IS In vertices

* Nontrivial phenomena
«— scale invariance
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Connection condition

e At the node, define

¥1(04) ¥1(04)
U = ; U = ;
Vn(04) ¥y (04)

* flux conservation p* P’'= P’* P (Self-adjoint extension)

A+ ByYP'=0 (Kostrykin & Schader, 99)
rank(A, B) = n, AB*= BA* : n?2 parameters

* |, U different dimension : scale anomaly
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Scattering matrix

e Scattering from j-th to th lines 2
1kx; ' ' _»e" . " I
= §jj€ ’ (¢ # J) 1
e Scattering matrix S(k) from o0, oikx

Ap+BUY =0

> A(S(K) + D+ik BS(K) - =0 (U W) = S(k) + 1
(U )y = kS(k) — ik]

. 1 |
S(k) = A—I—ikB(A_lkB)
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Free connection

e “normal” or “free” connection : thin tube limit

P1(0) = P2(0) = ... = Pn(0)
D1'(0) + 12'(0) + ... + Y(0) = O \

transm. Si(k) = -2/n, refl. Si(k) = 1-2/n

. 19\ 1y
e dual “free’” exists
P1(0) + P2(0) + ... + Po(0) =0 1/9 1/9
pr(0) = 2(0) = ... = Y (0) /9 /9

transm. Si(k) = 2/n, refl. Sik) =-1+2/n

total reflection at n —> «
17



Delta & delta-prime vertices

e delta connection free + obstacle v :[1/L] length scale
1.0 + : : : 8
\Ef\_‘/J/ " 2 — 1-2
L|)1(O) - L|)2(O) T Ll)n(O) ,ﬁ‘\ - 0.5+ = §? .................................
11'(0) + W2'(0) +...+ Pn'(0) = v P(0) | /
rg=1, ra=3
discontinuous ' high-pass filter To i 6 8
e delta-prime connection U:[L]
1.0
11(0) + W2(0) ...+ Yn(0) = u P'(0) s
LI—H’(O) = LI)Z,(O) — ... = Ll)n’(O) 0-5 s,
discontinuous low-pass filter R I
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Scale invariant vertices

* Extension of free node with scale invariant parameters
L|)1(O) — 1/ZL2 L|)2(O) = ... = 1/an l-Pn(O)
P1'(0) + L P2'(0) + ... + L Pr'(0) =0
Branching ratio controlled by [t5|2
—> k-independent scattering (Fulop & Tsutsui '00)

 Their "dual” partners
P1(0) + t2 P2(0) + ... + th Pn(0) = O
P1'(0) = 1/t P2'(0) =... = 1/tr P (0)

 Mixed types ({1,...m} {m+1,..,n}) also exist (m=1,...,n)
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(General vertex

e (General KS connection condition

rewritten with two numbers {m, m’} as
S :delta [1/L]

[(m) T> , (S 0 )
U = Sy v
( 0 0 —Tt  pn=m) S : delta-prime [L]

S 0 o Jm’) : I, I:FT param [1]
7t [n=m) B 0 0

or

I mx(n-m)complex, S: mx mHermitian
I: mx(n-m)complex, S: m x m Hermitian

* mMm+m=n+Ss ; Ss=rank(S) =rank(S)
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Known vertices iIn ST form

 delta - {m=1, m'=n}

o o

0/

\Ij/

- delta-prime

.

i

0

U=

\(30

T {m=1,m=n-1}

1 t5 ---
(| Gl

tn
D)

o o)

\Ij/

0 0 --- 0
(0 00
\—t 0 1

0o ---
(—Sl 1

o . .
{m=1,m=nj}

(1 1 ...

0O 0 ---

0

0

R

y

S, S:coupling strength

O\ I, 1T:FT parameter
\J
FT {m=2, m=n-2}
ot =m0 oo "
0 0 0 | ¢ = —113 —t55 1 01w
o Co) \les 0 1)




Charting parameter space

* n2-dim parameter space divides into m= 0, ..., n shells

. . . *
» Classical scale invariance kept

in only special subfamilies ***_.-

e scale invariant family —@-

* disconnected conditions# 9

* lm=n—1
* free connection ® ** m=3'
* m=2
m=1
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Dimensional transmutation

e n=2delta P+—P-'= vips = VP v [1/L]

n=2delta-prime V+—-U-=uP+=u- u: [L]
e n=2scaleinvariant p.'=ay-’, p+=(1/a)Pp- a:[1]

delta-prime | wd scale invariant

o/—>O_d , ad—>0 -

0
2/u-1/d

‘ 0 d2
2/u-1/d (1/a-1)/a

Emergence of scale with strength renormalization
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Exotic vertex from deltas

o Finite approximation scheme for general vertex
-- cut node, connect all pairs by lines of length d (—> 0)
-- n 6s [vj] at new nodes,
-- n(n-1)/2 &s[wi] at the center of (j, k)
-- n(n-1)/2 vector potentials [Ajx] on (J, k)
- Vi = y+Bid, Ai=n/d, wik = B/ d+nj/ 2

« Norm-resolvent convergence proved
- RAp(Kk2) : resolvent on L2(Gy) ;

n(n—1)

- R(k?) rresolventon L2((A:)") G, = (RY)" @ (0,d)
- RE(K2) = R(K2) + 0
- || RE(k2) -RAp(K2) || = O+ n+2n(n1)2=n?
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Inverse scattering

: - m T\ _, 0 0 :
+ Scale invariant vertex (" v~ ( [, .0, ) vylelds

7(m)

Hermite & unitary s = —1" +2 ( -

) (10" 417 )_1 (10m) T)

 Any Hermite & unitary matrix S with rank(S+I1(n))=m
(S + 12 =2(8 + 1)
S+1" = (
M =21 4+ 1T"~!

7(m)

T >M (I(m> T)

* |nverse problem through diagonalization

L E 78 L 0

20



Equitransmitting S-matrix

* Design quantum graph with given (Hermit & unitary) S

o Consider Hermitian unitary matrix of the form
/ +d ez ... qubl”\
plP21 +d ... el®in

1
S=N

o

e Also consider S with real elements

 What is the maximum & minimum value of g?
-- largest (darkest) : d=n/2-1
-- known brightest : d=1(n=4,8,12...) , d=0 (n=2,6,10...)
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Most reflective case

* largest value d=n/2-1 ,

2
free connection n - m \
m=1 . . :
L 22y
- 2 ... _2
. free’ connection [~ - 1
m=n-1 Sky=1| + - — 7=
\ -2 - 1-2) |
e third case [1-2 =2 2 2
m=n/2 L 5 5 ...
sk=| n lowo o o3 . 2 [
N 5 n4 2 2 T:ﬁ :
: 1
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Hadamard & Conference

e Reflectionless & equiscattering guantum graphs
with real S matrix elements

—1

(0

0 -1
I -1 -1 0
°= Vi l-1 1 1
1 -1 1
\1 1 -1
Hadamard matrix: n=4,
(a 1
1 1 o
T =
c+1|1 1
\1 1

c=+v2—-1 Silver mean

—1

—1

1
1
0
1
1

8,

1

1

o2

1

1
1
1
1

O

1
—1

1
1
0
1
2,

)
/

L
1
~1

1
1
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-1 -1 -1 1 1

—1
1
—1

1

I+~

—1
—1
1

v=(V5-1)/2 Golden mean
1+ 1479

1 1+~
I+~ 14+~ 1

Conference matrix: n=6, 10, 14, 18,...

L

1 -1 1
11 -1 1
11 1 -1
-1 1 1 1
1 -1 1 1
11 -1 1
111 -1



FiNnite construction

* N=06 retlectionless anad
equiscattering (conference)

30

0.5t

— S14

2 - o m
ISjal 1

2 - o m
ISjrl 7

0.0+

0.0

1.5

0.5 k

 n=10 conference Nn=8 equiscattering (Hgdamérd)




Some examples

* N=6

S N
]
—
_11011
™ —
R — |
] T Lo
S
] o
N -~
I
S
o N
Al
11@11_
—
™ S
‘—'
L Aoa| AN
e |~ O~
— o
N -~
I
=
P N
a
11111_
11110_41
A
111_11
™
__2111
T A
_2_111
—
N -

— |

— |
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Further example

* n=10

—1 —1yw-1
—1 -1

—1
—

—

2
—
—

—
—
—

—1 =1 =
—1 =1 -1

—

(4

—

4
— 1
— 1

—
—
— 1l
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A i
— —
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— o i ™ ~ — -
e s _ _
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Hadamard conjecture+

* What type of equiscatt. & reflectionless graphs exist?

d plP12 - eiPin \
elP21 d . elPin
s=—| .
elPn—11 oL —d elPn—1n
\ piPn1 . elPnn—1 —d /

what n for INTEGER dwith real S 7

possible d ?7—> [ 0, n/2-1 ]
—> d = n/2-1 free connection
—> d = 1 equiscattering : Hadamard matrix
—> d = 0 no retlection : conference matrix
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Im 7\ _, 0 0
(o 0)v=(0r rotm)

Counter intuitive coupling

» Scale invariant n=4 graph with 7' = (a ‘! >

1—2a? 0 2a 2a @ —a
14+2a? 14+2a? 14+2a? \
0 1—2a? 2a 2a
S — 1+4+2a? 14+2a? 14+2a?
2a 2a 1—2a? 0
14+2a? 14+2a? 14+2a?
2a 2a 0 :L—2a2/
1+2a2 1+2a? 1+2a?
e In particular, with, —
V2
pair-wise equiscattering
| /8 8 1 1\ with no reflection
=&t 1 0 0| w0 =17aw(0)
\1 1 O O / L|)1(O) — LDZ(O) = 1/a L|)4(O)
P1'(0) + as'(0) + a P4'(0) =0

(0)
B1'(0) + a Ps’(0)
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Potentials on lines

* Potential U;jon line j kj = \/’f2 - U

wz(J)(w) _ e—ikja: _I_Sjjeikjac for i :] 2

[k; o V(kilkj)Sjie KX
1K; X ’ ’
— S; i k—ie for ¢ # gk \

» Define K = {/kid;} —
A+ By =0 St11 /KX

(W gy = 1) 4 KISK
(' .My = iK? HiIKSK
e Scattering matrix

S=—(AK'4+iBK) Y(AK ! —iBK)
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Im 7\ _, 0 0
(o 0)v=(0r rotm)

lThreshold resonance

» N=3 Graph node T'= (a b) with external field U

1.0+

3
: U . a
e—IkX1 l Soie | KX2 ;
e _— 5

1 FT (ab) 2
0.0

* 1—> 2 transmission P =|521)2 0 e e
Sgl(k;U):

e b>>a>1:
threshold resonance at kin=+U

1
3

" [ ' 2
U-controlled monochromatic filtering kpol_Vbzl bl a3 VU
—I—a

pole on unphysical surface
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(0 D)= (G gl
Controllable band filter

e N=4 Graph node T = (a . ) with external field U, V

3 a —a 1.0-
o -ikx U o sike
—_— _—
# P 05-
1 aa 2
FT: (a-a)
4 0.0

e 1->2 transmission P =|S51[2
Interference of 2 resonances

e No transm. when V= U
KDi=yU, K2mn=V
—» [\JU, +/V] Band Filter
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(0 D)= (G gl
Controllable flat filter

 Graph node T = (Z _aa) with external field U

3 U 1.0+
s Ly 1 =12
a — — kin =vVU
\/§ P 0.5
| Fr(59) °
4 0.0+ | %
0.0 0.5 1/.(0 1.5 2.0
e 1-—>2transmission P =|521)? .
|511|2 0.5 a=1/V2
20 (1 - /1~ ) L
So1(k;U) = Ss: %)
(1+2a%) + 2a%(1 + 20 \/1 - kz 1S471° 05-
OOofo 0.5 1.0 |5 .
 [0,4/U] flat band-filter i
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(0 D)= (G gl
Controllable flat filter

 Graph node T = (Z _aa) with external field U

1.0
o -ikx | Sy ik | 05 U=0.0004 oI
- > - > g e o.o-,| . .
1 FT (g_g) 2 \/§ D 05- U=0.04
, ool .
- U=0.30
e 1—>2 transmission P =|S»1[2 00 AN .
. U=1.00
2@ (1 _ \/1 — _) 0.0 . %
SZl(k; U) _ 0.0 0.5 1/.(0 1.5 2.0

(1+202) +202(1 + 2a2), /1 — 5
e [0,\/U] flat band-filter
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~Inite graph realization

e EXxotic vertex from delta vertices (+magnetic field)
v1 = [a(a — 1) +b(b—1)]/d

V3
! d/b UQZ(].—CL)/CZ

d/a ?}3:(1—b)/d

v1 = vy = 2ala—1)/d
v3 =v4 = (1 — 2a)/d
> No 1-»2 (interference) U=0

> No 1-»3 with added U > E
» flux pushed to 1->2
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Im 7\ _, 0 0
(o 0)v=(7r rolm)®

(Generalizations

* (Generalized monochromatic spectral filter

1.0+

r P 05
i 0 o1
Ff(go?ﬁ.'.'.'ao[(i)T O.Oc_)io 04 08 ’ 2 16
2 k
1 0 8 a - a\ [—¢' (0) 0 0 0 0 0\ [¥_(0)
(0 1 0 af - aﬁ\ (wg(O)\ (0 0 0 0 0\ (wl(O)\
000 0 - 0 15(0) -8 0 1 0 0] | ¥2(0)
00 0 0 - 0 0) | =|-a —ap 0 1 01| ¢1(0)
\0 0 0 0 0/ \ e/ \-a —as 0 0 1/ \$.(0)/
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Im 7\ _, 0 0
(o 0)v=(7r rolm)®

(Generalizations

* (Generalized flat-band spectral filter

6 7 8 1.0
U2\ Us| Us _
| S e kN 5
e lkx 2 kth=vVU !
- — 3 P 0.5 :
1 aaag — |
Fr(9¢39) T |
aoo0-a L
S O'O_I 1 ; S |
0.0 0.5 1.0 1.5 2.0

k

only obtainable when “free §" has maximal # of zeros:
[Theorem] Maximal # of O for Hermitian & unitary matrix
= (n-2)2 for odd n
= (n-2)2+4 for even n
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sSummary (2)

* Quantum graph vertices studied in detalil
--- exploration of n?-parameter space
--- physical realization of exotic quantum vertex

* (Graph vertex with filtering properties discovered
— controllable monochromatic spectral filter
— controllable flat-band spectral filter

 Some useful classification of Hermitian & unitary
matrices obtained
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1D Coulomb problem

e Withaa=1,e=k=m=1, 1D coulomb problem is

. 1 a
w'(x) + w(x) =0
4 |x]
2
where a = y & = ;x convergentatz — oo
V —2F / divergent at z — o0
/

» Solutions are given by Whittaker W, 1(z) , M, 1(2) :
w(z) = [s1n QO(—x) + cos QOMX)|W,, 1 (2)
yw'(z) divegentatz =0

o Loudon (1982): Make W, .(0)=0 — a=1,23,...
2 Rydberg spectra
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1D Coulomb problem

 Hydrogen atom under magnetic field

5 =0 0.3 2 10

1s, - R - “

A\ | |

i |

250 ¢ - & Y
‘ ‘ \"

1072

B
e
1 L

N
102 101 100 ﬁwloi 102 ” 103
B
B=0 (3D): B—>o00 (1D):
Rydberg series Rydberg series

Eground—>00,

* other occurence: nanowire, impurity CNT, superfluid surface e
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1D Coulomb problem

* More general condition should exist other than
arbitrary prescription yw(0) = 0

. . 1 d? 1
. Self-adjoint extension of H = — _
2 .dx* |x|
w0 )y (00) — yw™*(0)y(0_) = w*(0w'(0,) — ™0, )w(0,)

cannot be used because of divergence

e (5o back to Wronskian!
Wly*(0_), w(0_)] — Wly*(0,),w(0,)] =0

Wigp(x), y(x)] = ¢y (x) — ¢ () (x)
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1D Coulomb problem

 Auxiliary tunctions He; = Ep{(x), W

W[¢*’ l//] —

$* P
Yy

$* P
y oy

@1, =1
P @
- — @)

— W[¢*, gﬂl]W[l//, Qﬂz] — W[¢*9 ¢2] W[l/j’ qﬂl]

Wlw, @)
. \Plz( N

Wly, ¢,

. Choose ¢,(x)

0+

0—

o

p

2

w
w

:llja gDZ:

W, 5]

0+

0—

)

it (30) 00 = o))
$r) = = T(1 = W, (3x)

49
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1D Coulomb problem

« We find ¥, — &%, =0

§=—l+210ga—2F(1—a)+%+210gﬂ+2F(1—,B)
a

 Wly*(0_),w(0)] — Wly*(0,),w(0,)] = 01s identical to
U-DHD¥Y,—-(U+DHY, =0, U U(2) (4-parameter)

* Diagonalize U = VDV with parametrization
H_ (e—i9+ 0 ) V= e’ cos(w)  sin(w)
0 e ) —sin(w) e “cos(w)
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1D Coulomb problem

e A=0
T

0. 1 2
tan | — | = 2log | — | = 2F(1 —a) — 4y
2 o o

* Reversing above, spectra & eigenfunctions obtained
T

(a(0,), @ = o), (a(@), Q=0 -—)

[ = % gives equal L/R weight]

choice % —2log(p) + 2F(1 — ) = — 4y — 21og(2) made
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Non-Rydberg spectra

N—

-0.5 W — E>-E;

“““ E3-E;

e parameters 0, & 6_ determins the spectra
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EXotic elgenstates

e Even & odd states w
awy from Rydberg

o — Q=
X === ﬁ:
A —-—ﬁ:

o =T T

>

>

D

Even spectrum

0= E—
-1
-t -7 0 > T

- g, ==L
4’ Tt 4
3T 9__3_7T
4’ "t 4
31T _ 3
4"’ 0, = 4

X

53

Odd spectrum

0

-0.5

—

>= AT
Ny

N

-z 0
6.
1st excited state

Y
S

0.2 7~

01"

3 0.0
-0.1
-0.2:

-15-10 -5 O

X



melile elgenstates

* Even states:
far away from Rydberg

Odd states:

Rydberg

O — Q=
X - ﬁ:
A —-—~=

D

I
I
5

D

Ay A HIH
| _hlcp
N Y S

Even spectrum

JAY

= ‘
> 0

JAY

N R
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Odd spectrum
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FINite construction

o Cut-off coulomb at —d < x < d and place three 6s

_¥(=d) _ an
tv B =@ ~ )
'"(d 1 o 1 Wl a,l(2a_d)
w ] Jus QU0 =l = G e

Compare

R.(Q) =tan (w +(1F 1)%) |
o

Q-+ (d, a) =tan (%) — 2log(d).
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FINite construction

o Cut-off coulomb at —d < x < d and place three 6s

1
Ur==-57" log(d) T

(1 +sin(2w) + cos(2w)) tan (%—) Uy l I Uz
(

0+
9 )

(1 + sin(2w) — cos(2w)) tan (%)
(1 — sin(2w) + cos(2w)) tan (%) .
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sSummary (3)

e Full solution of 1D Coulomb problem found
— three-parameter family of self-adjoint extension
— determine x=0 behavior & connection cond.
— non-Rydberg spectra revealed

* One concrete procedure to construct exotic
connection condition (in terms of 3 delta) found
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